Postgraduate L ectures

1. TimelIndependent Green's functions
a) Formalism
Green's functions are defined as the solutions of the inhomogeneous eguation:

[z= L] G(r,r';2 =08(r—r") (1D
wherez =\ +isisacomplex variable and £(r) is atime-independent, linear, Hermitian operator with eigenfunctions
@h(r) and

L(r)en(r) = An@n(r) (1.2)

@h(r) and G(r,r'; 2) satisfy the same boundary conditions on the surface of the domain Q. The set {@,} can be
considered orthonormal and completei.e.

/ @E(r)(ﬂﬂ(r) dr = dmm (1.33)
Q
> on(n)eh(r) = 8(r - 1) (1.3b)

Notethat thesum 5~ andintegral | operationsare moreor lessinterchangeabl e depending on the nature of the operator
L, continuum or tight binding, and its spectrum, continuousor discrete. It isuseful to consider an abstract vector space
and use Dirac’'s notation

@n(r) = @0 (1.4a)
3(r-rL(ry=0|L|rD (1.4b)
G(r,r';2) = 1G9 [r'D (1.40)
mr'C=o(r —r") (1.4d)

/dr [r1m| =1 (1.4e)
(z-£)G(9=1 (1.4f)
L | o= An |on0 (1.49)
|])ﬂlq)f'ﬂ[': Onm (]__4h)

D e[ =1 (L4i)

We can revert to the r—representation by taking the [@|, |r'|Z|matrix element, thus
@] (z-£)G(2 |r'C= 0|1 |r'O= @' C= 3(r - ') (1.5a)
2G(r,1r';2) - M| LG (@) |r'T= 2G(r,1"; 2) —/dr” 0| |r |62 |r'o
=2G(r,r';2) = L()G(r,r';2) =(r —r") (1.5b)
If z# {An} then we can write

6= 1 (16)

Multiplying (1.6) by (1.4i) and using F(£) |@0= F(An) | gnCgives
1
G(9 = -7 Z | n T

-Z oI
:Z |%_Elfg1|

(1.7)

o2 = Z%(r)(p.?(r)
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Since £ is hermitian, all its eigenvalues {A} are real. Hence G(2) is an analytic function everywhere on the
complex plain except a those points which correspond to the eigenvalues of £. G(2) has poles at the the discrete
eigenvauesof £. The converseisaso true.

If the spectrumiscontinuous, i.e. thereisarange of valuesof A such that every valuein that rangeisan eigenvalue
of £,G(A) isnot well defined. If wetry to define it by alimiting procedurewe find that the sidelimitslims_ o+ G(A £i9)
exist but are different from one another. Thisisabranch cut of G(2) aongtherea zaxis.

In disordered systemsthere are other possibilities besides discrete and continuous spectra (see | ater).

We can define 2 Green’s functions as follows

G*W =limG(+is) (1.8a)
GM=1limG(-iy (1.80)
From (1.7) we obtain the results
GHr,r; 2 =G(r',r; ) (1.9a)
G(r,r; ) =[G, N)] (1.9b)
ReG (r,r;\) =ReG'(r,r; \) (1.90)
IMG(r,r,A) =—=ImG*(r,r;\) (1.9d)
Using theidentity
Jirgxtiy:P;l(qciné(x) (1.10)
we can define
G ="M -6"0) (1.11a)
é(r, r';A) = =21 Z S\ = An) (@) (1.11b)
Integrating the diagonal elements over r gives
GHr,rA) =Py %“ﬁf” FATY 3 = A)n(r)er(r) (1.12a)
TrGg*\) =P ﬁ Fimy 3\ -An) (1.12b)

> -1 O(A =) isthe density of states (DOS) at A, N(A); N(A) dA is the number of statesin theinterval [A,A +dA]. The
quantity
P A) =D 3 = A (@) (1.13)
n

isthe DOS per unit volume, and N(A) = [ p(r; A) dr Hence
(i N) = ¥ IMGH (1,1 )
_1 ~
= 556012 (1.14a)
NQA) = q:%[ ImTrG*(\) (1.14b)

Another important relationshipis

ct.rin =3 SO0
- / i Za(x M) FDIGET) (r)"ﬁ(r) (L15)

i d}\ G(r,r i A)

21 J_, zZ-A
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In particular
p(r >\)

G(r,r,z)—/ dA (1.16)

Thustherea and imaginary parts of G are not independent of one another. (1.16) is an example of a Kramers—Kronig
relation. One more important property is

7dG(r .2 /dr” G(r,r"; 2G(r",r'; 2) (1.178)

Sy > L > 65

==y Z‘pi(;) > f‘;; JER GG
() gh(r)
(2= A0)?

%(r)(n?(r )
dzz

dG(r,r; )\)

_ -2
o B\ - £)2 0

<0 AZ{An} (1.17b)
knowledge of the Green's function permits us to solve the general inhomogeneous equation
[z=L£()]u(r) =1(r) (1.18)

where u(r) satisfies the same boundary conditionsas G and ¢. By operating with G on (1.18) we obtain the solution

u(r):/G(r,r';z)f(r')dr' z# {An} (1.19a)
:/G’—'(r,r';)\)f(r')dr'ﬂp(r) z={An} (1.19b)

where A, belongs to the branch cut, the continuous spectrum, of £, and ¢(r) is a solution of the corresponding
homogeneous egquation. If z coincideswith adiscrete eigenvalue of £, say Ay, thereis no solution of (1.18) unlessf (r)
is orthogonal to dl eigenfunctions ¢(r) corresponding to A .

If u(r) describesthe response of a system to a source f(r), then G(r, r") describes the response of the same system
toaunit point source located at r'. Note that because of (1.9) thisresponse isessentially the same asthat at r' dueto a
point source at r. (19) implies that the response to f(r) can be expressed as the sum of the responses to point sources
distributed according to f (r).
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b) Example1

Consider the case £(r) = -2 and the domain Q extends over the whole 3 dimensiona space. Then the eigenfunctions
of £ are

1 .
k0= ——=€*® 1.20a
| Vo) ( )
with eigenvalues
An = K2 (1.20b)

where k isreal. The spectrum is continuous, from 0 to +oo,
The Green’s function can be obtained either by solving the defining equation

(z+0%) G(r,r'; 2 =8(r —r) (1.21)
or from the solution of the homogeneous e genval ue problem using (1.7)

, 0 |k CIk|r' O
G(r,r"; 2 :Z 7|z—kl
k

dk ki)
~ ) (md z-k2

(1.22)

where d isthe dimensionality.
Consider the 3—dimensional case d = 3. If p =r —r' and 6 isthe angle between k and p we can write (1.22) as

© 12 m )
G(r,r’;2) = ! / k dk/ do sin ogke cos®
0

1 [® k2dk etke — gike
=— - 1.23
41 /0 z-k?>  ikp (1.23)

+00 'kp
E
dimep J_, z-k2

the integration path can be closed in the upper half plane. Unlesszisrea and nonnegative, one of the poles, +/z, has
a positive imaginary part and the other, —\/z, has a negative imaginary part and lies outside the integration contour.
Hence

G eVl Im+/z>0 1.24
r. - > .
(r,r';2) 4T[|r—r'| m+/z (1.24)

Forz=Xand A >0 G isnot well defined, but the side limitsare
eti\/X|r—r’| \/_
G (r,r\)=——— A=0, A=0 1.2
1N === (1.25)
Forz= X and A <O weobtain
e—\/X|r—r’|
G(r,rN)=———  VA>0, A20 (1.26)
amr —r'|
and for z=0 we have L
G(r,r;0) =———— 1.27
130 =~ (1.27)
which isthe Green's function corresponding to Laplace's equation
0%G(r,r';0) = &(r - r") (1.28)

4
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By applying (1.19b) we can find the general solution of Poisson’s equation
2 1
aev(r) = —8—p(r) (1.29a)
0
V(r) :/G(r,r';z);—lp(r') dr’'+C
0
1 [ p(r)dr’

o 7|r_r,| +C (1.29b)

The constant has been added since the general eigenfunction of —02 with eigenvalue 0 isa constant. (1.29) isthe basic
result of electrostatics.

c) Example 2
Now consider the 1-dimensional case

d? . ,
<z+ @> G(x,X; 2 = d(X—X) (2.30)

For x # X' the solution must be that of the homogeneous equation
G = Ae'VZ 4+ BeVZ (1.31)

With Im+/z > 0 only the + solutionisfiniteasx —x - +o0 and only the — solution for x =X - —co. By integrating
(1.30) wefind

G(X -,X;2 =G(X +,X; 2 (1.32a)
dG dG
ol == 1.32
dX)x:x’— dX>X=X’++1 ( 3 b)

We can thus determine the coefficients A and B to obtain

G A 0 133
] —_ > .
(x,X;2) NG my/z (133)

For z= A = O we have for the side limits
i o
Gtx, x:\) = F——eVAxl  As0 VA>0 1.34
( ) 4[2\/)—\ (1.34)
whereas for z=— || we obtain
1
Gx,X;—|A)) = - eVl x<o /]A]>0 (1.35)
2,/
and for the 1-D Laplace's equation, z= 0,
G(x,x;0) = 3 [x=x| +const (1.36)
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2. Time-Dependent Green’s Functions

a) First—Order Case
The Green'sfunction g(r,r’,t —t") associated with the 1st order (intime) PD.E's

[IE% - E(r)] or.t)=0 (21a)
[IE% —E(r)] w(r,t) =f(r,t) (2.1b)

is defined by .
[lc % —E(r)] o(r,r',t,t) = 8(r —r)3(t - t') 22

subject to the same boundary conditionsas ¢ and Y. For themoment assume that ¢ isapositive constant. The operator
L(r)isasinsection 1.
Expressing g(r, r', 1), wheret =t — t' viaits Fourier transform we obtain

0= Levigw) (23)

(%’ - E) () = 8(r - 1) (2.3b)

9w =G (%’) (2.30)

where G(2) is the Green's function discussed in section 1. As before it may be necessary to use a limiting procedure
to define g(1).

gt (1) = _:0 dzo:[ G* <%> gt (2.4)

In analogy with the previous procedure we can aso define

80 =g"(M-97(V (25

Note § is integrated along a line just above the real axis and back just below. This contour thus contains al the
eigenvalues of £(r). However g*(1) requiresitsintegral to be closed around either the upper or the lower half plane.
Thisis chosen such that the exponential becomes negligiblewell avay fromtherea axis. Thus the appropriate choice
isthe lower (upper) half planefor 1 > 0 (T < 0).

The g's obey the relationships

g* = 20(D)g(1) (2.6a)
g(r,r,1)= g"r',r,—r)]D (2.6b)
We can write §(T) as .
o= | W o (%)
— : e do ST w (7.1
Sl /_m € P <? —)\n> () (2.7)

= —ic Y e (r)gi(r)

The corresponding operator §(t) isthen

o) = -ic Y €T |Gy 1|

— _ice—iﬁ'l'

(2.8)
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where . i
Ut-t) =" = gt-r) (29
isthe time—evolution operator or apropagator because
|t = U (t-t) |p(t)D (2.10)
Note aso that
g(r,r',0) =—ico(r —r") (2.11a)
U(tl - tz) = U(tl - tg)U(tg - tz) (2.llb)
By combining (2.9) and (2.10) we obtain
or 1) = IE / §(r. 1 t—t)g(r' t) dr’ 2.12)
The solution of the inhomogeneous equation, (r, t), can be expressed as
Q(r,t) = ofr,t) + / dr dt' g*(r,r', t —t)f(r',t") (2.13a)
t
:(p(r,t)+/dr'/ at' g(r,r', t —tHf(r',t") (2.13b)

Thisisbest proved by substitutionof (2.13) in (2.1) and using (2.2). If we had used g™ (1) instead of g*(1) the resulting
W(r,t) would have satisfied (2.1b). We have excluded this solution using the physical argument that the response of
the system at atimet depends only on what the source was in the past (' < t).

b) Example
Consider again the case £ = —[02. It suffices to calculate §(1). Using (2.7) and @n(r) = exp(ik [1)/v/Q and A, = k? we
get
gkir=r)
g(r.r, 1) = —ICZ gl
(2.14)

d k elkEi —ick?T
(2my?

wherep =r —r' and d isthedimensionality. Usingk [p = Zi_l kipi and k? = Zidzl k2 we can rewrite (2.14) as
+00 dk|

=-ic

epkp. -ick %t

g(r,r',7) ——ICH
; * dk 02 e
=-ic —
H/_m 21'[e%Ie
i=1
d
. ipi < 1 11
=-IC et — 4 [ —
g 2tV ict
d
. 1 2 i
=—ic{ —— ] em
<4TUCI>

where \/1Uict is the square root with a positivereal part. (2.15) and (2.12) alow us to study the time evolution of a
wave—packet.

If we choosec = —ik wherek isapositiveconstant, and £ = [J° we obtain the diffusion equation —-dg@/kat+0%p = 0.
Again for causality reasons we need g*(t) only. It is more convenient to consider the Laplace transform, rather than
the Fourier transform. Thefinal result, obtained by substituting c— —ik in (2.15), is

d
: A el
Py = _ _p 2.1
g'(r,r', t—-t) = «O(t t)<4 (= )> eXp<4K(t—t')> (2.16)
Notethat g*— —kd(r —r') ast —t'—0*. Astincreases, g* describes thediffusion of alocal initial pulse. Note that the
average diffusion rangeincreasesas vt — t'.

(2.15)
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¢) Second—Order Case
The second-order differential equation gives

—ia—z -L(r)| ¢r,t)=0 (2.17a)

2 ot2 T '

62

-5 50| wen =1 2170
—ia—z =L()| g(r,r',t=t)=0(r —r")d(t-t) (2.17¢)

2 ot2 . - '

subject to the same boundary conditionson @, Y, and g. As before we express g(1) as a Fourier transform of g(w)
o= [ Gregw) (2.189)

032

gw) =G <?> (2.18b)

Since G(2) has al its singularities on the real z—axis, g(w) is analytic everywhere on the complex w plane except
on the rea or imaginary axes. However on physical grounds we can restrict ourselves to the case where al the
eigenfrequencies wy are rea. Then the singularitiesof G(Z) are all on the positivereal z—semiaxis.

Again near abranch cut it may be necessary to use alimiting procedure to define g(w). There are 4 cases

g'(w) = I|m G <co’2 +|s>

=G* <°;’22> = lim g(« +is5(o)) (2.19a)
(W) = I|m > :slirglg(w' +is) (2.19b)
(W) = I|m |se(u))> :sllr(glg(w' -i9) (2.19¢)
g (w) = I|m G )
=G <c > = I|m g(w —is(w)) (2.19d)
where —a_ 1 ifx>0
s(x)_{_1 Mo (2.20)

and o' isread. These are referred to as the causal (a), retarded (b), and advanced (c) Green's functions. The fourth
case is not independent and can be derived fromgR+g* =g* +g".
We can aso define 3 different §’'sas

=g -9" (2.21a)
=g - (2.21b)
a=0"-g"=9"-5" (2.21¢)

Note that the §'s satisfy the homogeneous equation (2.174) rather than (2.17c).
As before by noting that the path for the various g's can be closed in the upper (or lower) half plane when T is
larger (smaller) than zero we have

g"(1) = 0(1)F (1) + ©(-1)F* (1) (2.22a)
gf(1) = O(1)3(1) (2.22b)
g"(1) = ~0(-1)3(1) (2.220)
g (1) = -0 (1) - O(-1)F (1) (2.22d)

8
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g(r,r',1) = "I ingg <w2>

It can also be shown

o 2 3
=- /0 g—:[)e‘i““ZTli Z O()O(r)d (g - )\n> (2.23)
_ e @) ey /ae
22 o
where /A, = 0. Similarly
~< _iC %(r)qﬁ(r') ic nT
g = > Zn: Te’ Vn (2.24)
and dso
§(r.r, 1) = - [§(r, )] (2.25a)
gr.rn=—cy %ﬁ\ﬁ(r) sin (c\/A_nr) (2.25h)
sin (c\/fr)
g(1) = —CT in operator form (2.25¢)
Consider now the expression
|ty 0= —C—12 [t -t) o)) +§t - t) |et)d (2.263)

o(r, 1) :—C—lz/dr'g(r,r',t—t’)ip(r',t')
1 -
—g/dr'g(r,r',t—t’)(p(r’,t') (2.26b)

wherethedot denotesdifferentiationwithrespect tot and (:p(t') isdg/dtfort =t'. Since§(t-t') satisfiesthehomogeneous
equation (2.17a) so does @(r,t). Also @t) - @(t') and @(t) —~ @) ast - t'. Thus this determines the solution of
(2.173) for timet in terms of @(t') and @(t') at timet'. Then

g(r,t) = (p(r,t)+/dr'dt' gR(r,r', t—t)f(r',t) (2.27a)
:(p(r,t)+/dr' /t at' g(r,r', t —tHf(r', t") (2.27b)

satisfies the inhomogeneous equation (2.17b) where @(r, t) is the general solution of (2.17a). gR is used because the
response can only depend on the source at timest' < t.
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¢) Example (2nd Order)

Consider again the case £ = -2 in 3-D for which G*()) are given by (1.25). Substitutingin (2.23) we get

— ? dow St [ Hiop/c _ 4iwp/c
Te="70 | 27 (€ )
~< — _i d_w HWT ( qHwplc _ s-iopl/c
G0, =5 | e (€70F -0
where p =r —r'. Subtracting we get
g(p T) — ;I_'[p/ g(;[) (e+iwp/c —|wp/c) ( Sal e—iwr)
1 * dw
- w(p/c+t) _ Jo(plc-T)
amp J_, 2n (el ¢ )

- (29 -o 2]

- ﬁ [5(p +ct) -5 (p - c1)]

Using (2.29) and (2.22) we obtain

R r —t) = — c —r'| — — 1!
gi(r,r',t-t) 74Tr|r—r'|6(|r r'| = c(t-t))
A ’ —1) = — C Y 4
gir,r,t—t) 74T[|r—r'|6(|r r|+c(t t))

Then the solution of the inhomogeneous wave eguation

2
<D2—C—12%> P(r,t) =f(r,1)

isfrom (2.27)

W) =atr0 -5 [araes (8 --r) 10

= {r,t) - — /d' r|rt__r|)

which isthe basic result of €ectromagnetic theory.

10
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3. Application to Free Quantum—-M echanical Particles

a) General Relations
The one—particle time-independent Schrodinger equation and its Green’s function have the form

[E-H()]y(r)=0 (3.14)
[E-H()IG(r, 1 E) =3(r —r") (3.1b)

where H(r) is the Hamiltonian in the r—representation and G(r, r'; E) satisfies the same boundary conditions as (r).
From section 1. it isclear that

L(r) - H(r) (3.2a)

A E (3.2b)
A+is=z - z=E+is (3.2c)
An - En (3.2d)

@h(r) - on(r) (3.2¢)

Thus G isrelated to the eigenvadues, E,, and eigenfunctions, ¢, of H by

G(r,r':2) = Z‘““(Zr)“i:r) (3.33)
G2 = ZI%DI%I LH (3.3b)

The singularitiesof G(Z) are ontherea axisand
1) The polesof G(2) coincide with the discrete eigenvalues of , and vice versa
2) Theresidue at each pole E, of G(r,r";2) is Y, @(r)@H(r’) where }_, is over the f, degenerate eigenstates corre-
sponding to E;.
3) The degeneracy f,, can be found by integrating the residue of the diagonal matrix element G(r, r; E,) overr i.e,

:/d3r ResG(r,r; Ep)

(3.4)
= TrResG(E,)
For a non—degenerate state f, = 1 and
(r)@h(r) = ResG(r,r"; Ep) (3.5a)
|on(n)| = V/[ResG(r,1; En)] (3.5h)
. ResG(r, 0; Ep) }
=il 35
Po(r) = 11N { VIResG(r.T; Ev) (ResG(0,0; En)] (350
where p(r) isthe phase of @(r) (assuming p,(0) = 0).
4) The branch cuts of G(2) aong the real z-axis coincide with the continuous spectrum of 7 and vice versa.
5) The density of states per unit volumeis given by
1 +
P E)=F_ImG(r,1;E) (3.6)
6) The density of states N(E) isgiven by
NE)= [ drp(iE)
(3.7)

1 +
—¢F[Trlmg (E)

11
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7) The time—dependent Schrodinger equation gives

<iﬁ% —H) |w()C= 01

| WO = U (t -~ to) [W(to) D
Ut —to) =exp <—i ( _;_O)H>

= ihg(t - to)

=ih / i gi;[’e-w-%)é(ﬁw)

Y(r,t) = iﬁ/ g(r,r', t —to)W(r', to) dr’

b) The Free-Particle Case, Ho = p%/2m.
We denote the free—particle Hamiltonian by H where

p? 1§ 2
=_— =——1]
Ho 2m 2m

and Go(2) isthe corresponding Green's function

(2+ ED?) Golr.'32) = 8(r =)

2m

Hence

Go(r,r';2 = 2ﬁ_r2nG <r,r'; 2ﬁ_r7212>

where G(r, r'; 2) isthe Green’s function corresponding to the operator £ = -2. Thuswe have for Gg
3-D Case

m el
Go(r,I"E)= ~——— —— E<O
ol ) 2m [r =
. m etiko|r—r’|
Gi(r,rE)= ——-—— E=0
of ) 2m |r-r|
2m|E|

Go(2) has abranch cut along the +ve E—axis corresponding to the continuous spectrum of H . Then

G(r,r';E) = G*(r,r";E) =G (r,r'"; E)
m sin(ko|r=r'|)

2R |r-r|

D éo(r,r';E)

po(rlE) - —2Tl]

_ mko
T 2meR? ©E
i

= O(E) Tr@ﬁ?'@

= 21 o(E)

9 h = h/2m, where h is Planck’s constant

12
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(3.8a)
(3.8b)
(3.8¢0)

(3.80)

(3.8¢)

(3.9)

(3.10)

(3.12)

(3.12a)

(3.12b)

(3.12¢)

(3.133)

(3.13b)

(3.13¢)
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1-D Case
Go(x,X; E) = —ﬁzlikoe"ohﬂ E<O (3.14a)
Gi(x, X E) = q:ﬁ'z—r:oer“kolf—f’l E<0 (3.14b)
Go(x, X; E) = -2mi @(E)%% cos (ko |x=x/) (3.14c)
iy LD
- _m
- @(E)fT@ﬁ % (3.14d)

Note that the behaviour of p(r; E), and hence of é(E) and G*(E), at the band edge E - 0+ depends crucidly on the
dimensiondlity. In genera

lim p(E) ~ (E- =5k (3.15a)
const. in3-D
lim Gr,r";E) ~ {—In(Z) in2-D (3.15b)
E-Eer < in1-D
\/2

4. Perturbation Theory

a) Time-Independent Case
Suppose that the one—particle Hamiltonian, , can be separated into an unperturbed part, Ho, and a perturbation, H1
where

H=Ho+H1 4.2

Assuming we can solve for the Green's function G of Hg, how can wefind G of H? Noting that

Go(2) = (z—Ho) ™ (4.2a)
G@=@z-n" (4.2b)

we proceed as follows
G=[z-Ho-Hi™"
-1

= [Go" — 4]
[G5* -] G =7 43
[Z -GoH1] G = Go
G =Go+GoH1G

Thisis often called Dyson’s equation. It isthe starting point for amost everything that follows. Note that (4.3) can be
expanded to give

G =Go+GoH1Go + GoH1GoH1Go + ... (4.42)
=Go+(Go+GoH1Go +...) H1Go (4.4b)
=Go+GH1Go (4.40)
In the r—representation (4.3) becomes
G(r,r';2) = Go(r,r";2) + / drydroGo(r, ry; 2Ha(r, r2)G(r2, r'; 2) (4.5)

13



Transport & Disorder Chapter 4.
Often Hy(ry, r2) isaloca potentia which can bewritten &(r1 — r2)V(r1); then (4.5) becomes
G159 = Golt,%2)+ [ di Golr 13 V(G112 (46)

which isalinear inhomogeneousintegral equation with akerna of the form Go(r, r1; 2V(r1).
In the k—representation we can write

G(k,Kk'; 2 = Go(k,Kk'; 2) + Z Go(k, k1; 2H1(k1, k2)G(kz, K'; 2) 4.7
kikz

where we have used therelations

ke
k= o) (4.8a)
Zk: =Q / % (4.8b)

Next we introduce the t—matrix 7 (Z) which can be defined via
G(2 =Go(2 +Go(27 (2G0(2) (4.9)

By comparing (4.9) with (4.3) and (4.4) we see that
T =H1+H1(Go+GoH1Go+ ...) Ha

=Hi+H1GH1 (4.92)
=Hi+H1Go(H1+HiGoH1+...)
=M1+ H1GoT (4.90)
=Hi+(H1+H1GoH1 +...) GoH1
=Hi1+7TGoH (4.90)

Clearly al thereservations about the behaviour of G(2) closetothereal axisaso apply to 7 (2). Thus7 (2) isundefined
where zisequal to adiscrete eigenvalue of 74, and we must define 7 *(E) close to a branch cut (a continuum).
As before (4.9) will become an integral equation in either r or k representations. Thus

T(k,K'; 2 = Hi(k, k") + Z Ha(k, k1)Go(K1, k2; 2T(k2, K'; 2) (4.10)
kakz

1 P

Ha(k,K') = K| My [K'O= 5 / dr dr' e KK T 2y, (r 1)

1 Lo
Go(k1, k2; 2) = K1|Go(2) ko= a / dry drp etk Go(ry 1y 2)
T(k,K;2) = K7 (2 |KT= é/dr o ()
Intheusua case when H(r,r") = d(r —r")V(r) and Go(r,r'; 2) isafunction of r —r' only. Thissimplifiesto
1
Hi(k, k') = V(k - k')a

V(q) = / drv(r)ed®  gq=k-k

Go(k]_, kz; Z) = 6k1k2G0(k1; Z) (411)
Golkii2) = [ dpGolpide™®  p=r-r
dk
T'(k K 2) = V(k —K) + / ﬁV(k — k)Go(ky; 2T (k1, K'; 2)

14



Transport & Disorder Chapter 4.
where T'(k, k'; 2) = QT(Kk, k'; 2).
From G(2) (or 7(2) we can find the discrete eigenvalues of H and the corresponding eigenvectors. In the

continuous case, only the DOS can be obtained directly from G(Z). However we can write the time-independent
Schrodinger equation inthe form

(E~"Ho) |WC=Ha @O (4.12)

which can be considered as an inhomogeneous equation whose solutionis
W) = |@0 G5 (B)Ha [WF) (4.13)

where |cp|:is the general solution of (E —"Ho) = 0 and * are associated with G5 respectively. In the r—representation
this becomes an integral equation

W (r) = @(r) + / dry dro Gg(r, r1; E)Ha(r1, ro)*(ra) (4.144)
= (p(r)+/drleﬁ(r,rl;E)V(rl)Lp*(rl) (4.14b)

where (4.14b) appliesin the usual case of alocal potentia. (4.14) isthe Lippmann—Schwinger equation. If E does not
belong to the spectrum of # (4.14) becomes homogeneous, ¢(r) = 0.

W(r) = / dry Go(r, r1; E)V(ro)w(rs) (4.15)
By iterating (4.14) and using (4.9a) we obtain

|W#) = |o G& | Q0+ GEH1GaHA |90 ...

I (4.16)
= |0+ G5 T* |0
By multiplying (4.4) from the I eft or right by H 1 we have
H1G =TGo or GH1=Go7T (4.17)
which when substituted into (4.16) gives
W*) = @0+ G*Hy gD (4.18)
Comparing (4.16) with (4.13) gives
T* |o0= Hy |WF) (4.19)
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b) Time-Dependent Case
Using similar procedures on the time-dependent Schrodinger equation

<iﬁ% - H0> |W(t)C= Ha(t) |w(t)D (4.20)

where H;(t) may be time-dependent. From the general solution of an inhomogeneous equation we have

WD) = | / it g2 (t - t)Ha () [ (E) (4.21)

On physica groundswe keep the | W*(t)Osolution because it is causal; the effects of H 1(t) appear after H1(t) has been

applied.
Iterating (4.21) gives

() = o)+ / oty g5 (t -ty Ha(ts) |@(ts)

(4.22)
+ / dty dito g5 (t — tr)Ha(t1) g5 (tr — t2) Ha(te) | @(t2) G ..
Assuming H1(t) = 0 for t < to and |qo(t) i's an eigenfunction of Ho, say |gmClwe have
|p(t) = exp <—i w> |0
- exp <_i Ho(th_ - to)> (4.23)

= iRy (t — to) |
Under theseinitial conditions(4.22) can be written as
W™ () = A(t, to) @D (4.244)

t
A1) = Rt =) +iR [ dts Bt - M)t = o)
to

t

+ih [ dty dtx Gyt — t) Ha(tr)go(ts — t2) H1(t2)Fo(t2 — to) + ...
to

(4.24b)

The probability amplitude for a transition from state |%Dto the state |cpm|]as a result of H4(t) acting during an
interval [to, t] can be calculated from (4.24) as

. Emt + Ent
(G| At to) [ h = exp <-| %) [mln]

—-i . Hoty . Hota
+ ﬁ/to dt; [Gm| exp <IT> Ha(ty) exp( IT) |0

R (4.25)
-l . Hotl +
+ ﬁ/ dt; dt; m)m| exp <IT> Ha(t1)go(ts — t2)Ha(t2)
to
X exp <—i%> on ]
We define the operator S(t, to) as follows
S(t,to) =exp <i %) Alt, to) exp <—i %) (4.26)
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s0 that [Q| S(t, to) | @n[is the quantity in parenthesisin (4.25) which can be rewritten as

- rt ,
[@n|S(t, to) | = 6mn+ﬁ'/t ity €t (| Ha(t) |@n]
0

t dw |, : (4.27)
— 1 (0m=W) Atz (W)
+ n ; dtl dtz/ 2_‘_[6' d

X (@] Ha(tr)Go (W) Ha(t2) [@nlF ...
where wy, = Ex/h and W = Wm — Wh.

(4.27) impliesthat the probability amplitude of atransition between two different states as aresult of H 1(t) acting
during an infinite period, —0 - +oo is

_i +00 .
G| S |@m= ﬁ/ dty €9 | Ha(te) | .. (4.28)
where
§= lim S(t to) (4.29)
toﬂ—m

isthe so called S-matrix. Thisisthe basic result of time-dependent perturbation theory.
For the case where 7 is time-independent we obtain for [@y| S |g,0

@] S |l
:6mn+m)m|H1|(ﬂ'1D_Fl/ ('jt;|_(:,‘i(‘)’mt1

=i [ dw +
" ﬁ/ S G| 1165 (). [ gn

(4.30)
y /+oo dtl /+oo dtz eitl(%—w)eitz(w—(;)n) +
= O — 21id(E, — Em) [Epm| H1 |(Pn|j+ Epm| 'nga(En)'Hl |%|Z|+ ]
= Om — 21 8(En — Em) |Il)m| T (En) |(pﬂ|:|
where we have used therelation .
/ dt exp <i %) = 21ho(E) (4.31)
The transition probability isthen
1 _
] S o = | ) [ sttty
1 +00 . , +00
:?||Ipm|Hl|(Pn[I]2/ dt’e'“*“‘t/ dt+ ... (4.32)
2-'-[ +o00
= I 7 [ BE =) [+
so that the transition probability per unit time, Wi, is given by
21
W = 2= @] Ha |gnl}* 8(En = En) + .. (4.339)
2n 4 2
= F ||zpm| T (En) |(pﬂ|:1] 6(En - Em) (4.33b)

which isthewel known Fermi’s golden rule. Notethat the higher order terms are included automatically by replacing
H1 by T*(En).
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Since |, 0s normalised, then |*(t)0's also normalised, hence

1= (WO ) = G| ATt to) AL, to) [0 (4.34)
and for the S-matrix we have
S's=88"=1 (4.35)

which can be expressed in terms of the t—-matrix using (4.30)

(Qn| 7 (En) | T (o] 77 (En) |0
= =21 " @] 7 (En) | @] 7 (En) | mB(Em — En) (4:36)

Thisis equivalent to the optical theorem of scattering theory.
It is convenient to rewrite the expression for S in the so—called interaction picture.

S=1+ _—ﬁl/ dty H (t1)

2 +00 ty
+ (ﬁ') dty 74 (t2) / dto HL(to) + ... (4.372)

HY(t) = 70y (1) Hoth (4.37h)

where we have used therelation
Oo(ty —t2) = O(t1 - t2)8o(t1 — t2)

e’ 4.38
=0(t1 - tz)ﬁle"ﬁo(tl—tz)ﬁ 438)

Note that the restrictions on the intermediate integrations in (4.37) can be dropped if the nth term is divided by n!.
Also, in writing products of #!’sit is essential to preserve the original order of the operators. To make this ordering
explicit we define the time-ordered product of operators 1! as

T [Hi() - Hih) -] = HAHL() - Hy () H () (4.39)

wheret; >ty > ... >t > ty. Thus (4.37a) becomes

<) .

_ n 1
S :Z; (ﬁl) H/dtl dtp ... dty T [Hy(ty) ... Hy(tn)]
" (4.40)

=Texp <—i—ﬁ/dtH'1(t)>

whichisjust acompact way of writing the sum.
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¢) Application to Scattering Theory
We consider Ho = p%/2m = -h?0%/2m, and Ha(r, ') = 3(r = r')V(r) is of finite extent (i.e. V(r) decays fast enough as
r - o). Here’H has acontinuous spectrum from 0 to +co, but may devel op discrete eigenval ues below zero.

The problem of physical interest for E > 0 is scattering. An incident article of energy E = h2k?/2m described by
exp(ik [1)/v/Q isinfluenced by the perturbation V(r) and its wave function is modified. We must find the asymptotic
behaviour asr — oo. From (4.16) we have

WE(r) = Tékm + / dry dro GE(r, ry) TH(rq, r2)e ™ (4.41)

Using the expression for the 3-D G§ obtained earlier we can write

VOu(r) LU s etiklr_rllT*(r rp)ek® (4.42)

where k = /2mE/R?. For larger we can write

Vaut(r) = ke
m e4_-ikr
2nh?
_eikm_ m e4_-ikr
2nh?
where ks isavector of lengthk inthedirectionof r,and 7' = QT

In (4.43) Y~ must be excluded as it describes a physically unacceptable incoming spherical wave. The quantity
of importance isthe scattering amplitudef (ks, k) which is defined by

/d3r1 d3r2 gFikin |__[|1|'Ti(E) |r2[e“‘m2 (4.43)

(£ki| 7*(E) KO

. jkr
W(r) = const. [e’km +f(ks, k)éT] (4.44a)
m .
f(ks, k) =——= (k¢| 7 *(E) KO 4.44b
(ks, k) 2nﬁz< | T ( )
Thus the t—matrix is essentialy the scattering amplitude, which is directly related to the scattering cross section
do
IfI
- ; 5 (4.45)
4T[—ZH4 |< | 7B E|]
Substituting (4.44) into (4.11) we obtain
m ke V(ki —Kk)
f(ks, k) = ——=V(ki = k) + 7fk,k 4.46
(k1K) = = V(K )/(2)3 i, (440
Thusto 1st order in V
f(ks, k) = nh_ZV(kf k) (4.47)

where V(q) isthe Fourier transform of V(r). Thisisthe Born approximation for the scattering amplitude.
Another derivation of (4.45): The probability per unit time for the transitionk — ki, Wk, times the number of
final states divided by the solid angle 4rtand by the flux j = v/Q of the incoming particle.

do _

Ry / dE; N(Ef) Wik (4.48)
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Using (4.33) we obtain the total cross section

do
o= / dQ © (4.49a)

_Q
= vzkf:kak

- %%”Z (k| T*() KT (& - E)
ki

- %ZWF(E) [ke) (ki| 7 (E) IKCB(E; — E)
ki

_onai

" hvon
2Q

=—— THE) |k
m mk|7"(E) kO
41

=~ Imf(k.K) (4.49b)

(K| 7*(E) KO- K| 7 (E) kO

which isthe optical theorem which connects the total cross section with the forward scattering amplitude.
As an example consider the case where V(r) is an attractive Coulomb potentia V(r) = —e?/4tor. Then f isgiven
by
_ —tr(1-it) exp (2itInsin(38))
F(1+it)  2ksin2(16)

K ,/% Imk =0 (4.50)

me?
4Tl‘£0ﬁ2 k

t=

where 0 is the angle between k and k. The poles of f occur when the argument of I'(1 —it) is a nonpositiveinteger,
i.e. whenl-it=-pwherep=0,1,2,...,orit=1+p=nandn=1,2,3,.... Thusthediscrete eigenenergies are

4
em 1
En=—=— n=12,... 451
" 32meedh? n? (451)

which isthe standard result (in Sl units). If the potential isrepulsivewe must replacei by —i. inthis case the argument
in the I function in the numerator in (4.50) cannot become a non—positive integer; thus f has no poles, just as we
would expect for arepulsive potential.
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5. Tight-Binding Hamiltonians

a) Introduction
Consider the so—called tight—binding Hamiltonian of the form

H=> IO+ [ Vim | (5.1)
| Im
where each state || s an atomicike orbital centred at thesitel. Thesites{1} form alattice. For the moment we shall

consider the periodic case where the Hamiltonian is invariant under trandation by any vector |.
The eigenfunctions obey Bloch's theorem

Wri(r) = %e‘kmunk(r) (5.2a)
Prk(r +1) = eikleJnk(r) (5.2b)

where unk(r) isaperiodic function and k isrestricted to afinite region of space, the Brillouin zone.
It isuseful to introduce Wannier functions associated with the band index n and the lattice site | defined as

Wl =1) = 2= 30 () (53)
k

These functionsform acomplete set for al nand |. Any operator can be expressed in the Wannier representation. It
may happen that the eigenenergies associated with a particular band index ng are well separated from therest. In this
case the matrix elements of 7 between W, (r 1) and Wy (r — m), where n # no, may be smaller than |&, - €n,|. Then
these small matrix elements may be omitted and the band ng is decoupled from the rest. In what follows we work
withinthis subspace and for simplicity omit the subscript ng to obtain

w(r—1) =00 (5.4a)
| H |[mC= € 0im + Vim (5.4b)
In the usud notation (with V}; = 0). Since H is periodic we can write
€ =€ (5.5a)
Vim =Vi-m (5.5h)

We shall consider also the case of 2 interpenetrating sublattices where

_J & ifi Osublatticel.
& = { e, ifi O sublatice?. (56)
For simplicity we assume only nearest neighbour interactions

Vi = V i,j nearest neighbours (5.7)

10 otherwise.
Usudly in the literature V is assumed positive. It is actualy physically more redlistic to consider V negative, since
this guarantees that the energy k increases as E increases. The Green'sfunctionsfor the 2 cases are related by

G(,m;E+is {&},V) =-G(l,m; -E-is,{-¢},-V) (5.8)
From Bloch’'s Theorem we have

1 .
k(= —=)» e<|Ig 5.9
| m; | (5.9)
By substituting (5.9) into H we can derive the eigenenergies
VY, ekl general case
_ 2V cos(ka) 1-D
Bl =20+ oy [cos(k;a) + cog(k.a)] 2-D square lattice (510
2V Y3, cos(kqa) 3-D simple cubic lattice

In al cases —1va < k < 1/a which is the first Brillouin zone. Remember that the number of distinct k—vectorsin the
Brillouinzone is equd to the number of unit cellsin the crystal. Notethat the bands go from -2V < E < ZV, where Z
isthe number of nearest neighbours. Thusthe band widthis given by 22V, but is often quoted as ZV.
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¢) Green’s functions
The Green's function can be written

G2 = Zk: Z“_(DEj(ﬂ) (5.11a)
[k CIK|mO
m; 2) = Z 7-E (5.11b)
e gkid-m)
" N(2m)d /BZ dk - E(k) (110
0 dk
G(l,1;2) = NG /BZ 7-EW (5.11d)

Notein particular that

_[pE)cE (5.12)
Z
_1
Tz
i) 1-D Case
e|ka(| m)

G(l,m;2) = NE) / wa  Z—& — 2V cos(ka) (5.13)
1 +TT dol-m |

T om o (pz—so—ZVcoscp

By symmetry the integral depends on the absolute value || —m|. We transform it to an integral over the complex
variablew along the unit circle

G(l R 5.14
(’m’z)"zru'vf{ W= 2w+ 1 (5.14)
where
_Z—¥&
X=—y (5.15)
and the 2 roots of w? — 2xw + 1 = 0 are given by
P+ =XFVXe-1 (5.16)

where v/ X2 — 1 we denote the square root whose imaginary part has the same sign as Im(x). Notethat p.p- = 1. Also

|p+| < 1and [p-| > 1 unless—1 < x < 1. Then both roots lie on the unit circle and the integral (5.14) is not well

defined. This condition gives the continuous spectrum of H which lieson thereal axis between gg — 2V and gg + 2V.
By the method of residues we have

_ [I=m]
G(l,m2) = Vl Pe
P+=P- (5.17)
- 1 ol-m
Viz=e)2 - @2
For z coinciding with the spectrum we have
i -mi
G, mE) = i (xxivI-%) " (5.18)

V(2V)? = (E~ o)
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The density of states per siteisgiven by

p(E) =7 ImG*(,1;E)
__O@V-[E-s) (5.19)

™/(2V)? - (E - €0)?

Note the square root singularitiesat the band edges E = +ZV. Note also that G decays exponentially with || — m| when
z does not coincide with the band, but does not decay when z is aband energy.

ii) 2-D and 3-D cases
In 2-D and 3-D there is no closed analytical solution. The integral corresponding to (5.13) above can be reduced
to aform containing elliptic integrals. However there is an important feature which does not appear in 1-D, namely
singularitieswithin the band, so—called van Hove singularities.

In 2-D the DOS has step-ike singularities at the band edges and a logarithmic singularity in the middle of the
band.

In 3-D the DOS has square root singularities at the band edges and 2 step-like singularitieswithin the band.

A common approximate form for a 3-D Green’s function is the Hubbard Green’s function with the following
form

L 2
G(l,1;2) = Py g1\ (5.20a)
p(E) = 2B@V-E-) (2V)? - (E - £0)? (5.20b)

T(ZV)?

which has the correct band edge singularitiesbut no internal features.

iii) Bethe-L atticesand Cayley Trees

A Bethe lattice or Cayley treeis abranching structure containing no rings. Strictly speaking the Cayley tree can have
a variable coordination number, but we shall ignore this possibility. The method of solving for the Green’s function
on such alattice is a useful introduction to a more general method. We characterise the tree by its branching index
K =Z-1. K=1correspondstoa1-D lattice.

Consider the tree to have been cut at some branch. Then the root node is connected to K branches and every
other node is connected to K + 1. We denote by G'(2) the diagona element of the Green’s function on the root node.
If wejoin K branches together with a new atom to form anew root node then the Green’s function of the new nodeis
related to those of the old nodes by Dyson’s equation where o is the Hamiltonian for K trees plus asingle atom and
"H, contains a matrix e ement V between the new atom and the old roots. Hence

K
G'(n,n; 2) = Go(n, n; 2) + Go(n, n; 2) Z VG'(i,n; 2) (5.21a)
i=1
K
= Go(n,n; 2 + Go(n, n; z)VZ Go(i,i;2VG'(n,n; 2)
i=1
(5.21b)
K -1
= |1-Go(n,m2V?*> " Go(i,i;2)| Go(n,n;2) (5.21¢)
i=1
where i runs over the K root nodes of the old trees and G refers to the Green’s function before the perturbation V is
switched on, and Go(n, n; 2) refers to a single isolated atom with Gy = [z — £9] %, where we can set £y = 0 without loss
of generdity. When thetrees are infinitely large we have G'(n, n; 2) = Go(i, i; 2), asthe end of an infinite tree must be
invariant. Substitutingin (5.21c) gives

G'(n,n;2) = [z-KV2G'(n,n; 2)] * (5.22a)

KV2G'(n,n;2?-zG'(n,n;2+1=0 (5.22b)
Lz Z2-4KV?

G(n,n; 2= — kv (5.22¢)

23



Transport & Disorder Tight-Binding

where the sign of the square root is chosen to make the imaginary part of G' be the opposite of the imaginary part of
z In order to obtain the Green's function on atypical site of the lattice we must perform one more iteration which
connects K + 1 rather than K trees together. Hence

G(n,n; 2 = [z- (K+1)V2G'(n,n; 2] * (5.23a)
1 (K=-21Dz-F(K +1)VZ2 - 4KV?
T K : )Z(K:i(l)zvz)— z22 (5.230)

Note the peculiar property of the Bethe lattice: that the continuous part of the spectrum (where the square root is
imaginary) is narrower than expected (—2/KV < E < 2/KV), but that there are discrete singularitiesat z = (K + 1)V
where the band edges would be expected. Note that the case K = 1 reduces to the 1-D case discussed above.

The Bethe lattice is a useful model for amorphous semiconductors where it is possible to build in short range,
chemical, order without an underlyingcrystal lattice. Morerecently it hasbeen used as aboundary conditionfor cluster
models of amorphous systems; the so—called cluster Bethe method. A more complex variation involveshbuilding atree
from rings of atoms such as rings of 6 4—fold coordinated atoms. Thisistermed a Husimi Cactus.

¢) The Renormalised Perturbation Expansion
Consider again the tight—binding Hamiltonian H = Ho + 1 where

Ho=> &0 (5.244)
|

Hi=V>_ |Im| (5.24b)

Im

where the sumin (5.24b) is over nearest—neighbour sites only. Then we can write

G =Go+GoH1Go + GoH1GoH1Go + ... (5.25a)
G(l,m) = Go(l,m) + Z Go(l, n1) My [H1|n10Go(n2, M)

ninz

+ 3 Go(l,ny) My [H1]N2[Go(N2, Ng)

ni...N2

% [3 |H1| n4[GO(n4, m) + ...

(5.25b)
From (5.24) itis clear that Go(n1, n2) = &n,n, Go(N1) Where
Go(n) = ! (5.26)
z-¢,
and [y [H1|n2[0s non—zero only when n; and n; are nearest neighbours. Hence (5.25) can be simplified to
G(I, m) = dmGo(l) + Go(I)VGo(M)d) ms1 + Z Go(I)VGo(ng)VGo(m) + ... (5.27)

ny

We can keep track of al thetermsin (5.27) by noting that it consists of asum over dl possible pathsfrom| tom. Thus
for a particular path we include

i) afactor Go(l) for each sitevisited and

ii) afactor V for each step from one nearest neighbour to the next.

The most generd path from| to m isfound by decorating a skeleton path consisting of a self—avoiding path from
| to m. For each site n; we can replace Go(n1) by the sum over al possible paths beginning and ending at ny, that is
by G(ny, n1) Unfortunately, when we come to consider a second site n, we must be careful to avoid double counting.
Some of the paths in the decoration of n, have aready been included in the decoration of n;. Thus the decoration
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of n, consists of a sum over al paths from n, to n, which do not visit n;. Let us write this sum as G(hz, nz[N4]).
The exclusion isincluded automatically if we set €,, = o in the evauation of G(nz, nz[n1]). Thus we can rewrite the
summation in (5.27) as

G(I,m) = Z G(I,1)VG(n1, n1[INVG(n2, no[l, n1])V ...
VG(m, m[l,ny,ny, ...])

where the summation is over all self-avoiding paths starting from | and endingat m,1 - n; - n; - ... -~ m. In
particular for the diagonal matrix element we have

(5.29)

G(I,1) =Go(l) + Z G(I,)VG(ny, n1[I]V ... Go(l) (5.29)

Note that the last factor is Go(l) because al decorations of | have aready been included as decorations of the initial
site.

It isworth noting at this point that in treating the Bethe L attice we considered truncated trees. Thisisequivalent

to the partial summations considered here.
Equation (5.29) can be rewritten as

G(1,1) = Go(l) + G(I, 1)=(1)Go(l) (5.30a)

where (1) is called the self-energy and is given by

2(1) = VG(ny, ny[IV... V (5.30b)
(5.308) can be solved for G(l, 1) to give
- Go(1)
G(l,1;:2) = =G0 D (5.30c)
~ 1
S (5.30d)

It is sometimes useful to write down an expansion for Z inasimilar form to (5.28) or (5.29)

_ Y,
sH=Vy_ PR ) (5.31)

In the case of the Bethe Lattice Z(n4[l]) is simple the self—energy at the end of atruncated treeie
Z(n2[l, ng]) = Z(ny[l]) (5.32)

which can easily be solved to yield the same result as before.

The self—energy has a number of useful properties which we may use later. Unlike the diagonal elements of
the Green’s function itself 2 is purely real when zis on the rea axis close to a discrete eigenvalue of /. X has an
imaginary part when zisrea but in a continuous region of the spectrum. This aso appliesto localised and extended
states respectively. Thus Im X provides a measure of whether the elgenstates can carry a current.

Also, since everything except X in (5.31) isreal (when Imz = 0) X can only acquire an imaginary part when the
sum contains an infinite number of significant terms such that the sum does not convergein aconventiona sense when
al theterms are real. Thus in principle we can write down the complete series for (5.31) where al terms are redl.
However, the solution, as for example is implicitly implied by the self—consistent condition used to solve the Bethe
Lattice, has acomplex .

In afinite system the sum ends when all paths are exhausted and X remains red. In alocalised system the terms
involving very long and distant paths make negligibly small contributions. Again = remainsredl.

A more mathematically precise way of formulating this condition involves using a complex z and studying the
l[imitimz - O.

lim Im(l; 2
Imz- 0%

S0 for extended or continuous states (5.33)

>

{: 0 forlocalised or discrete states
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6. Impuritiesand Disorder
a) Single Impurity Scattering

We now redivide our Hamiltonian into 2 parts where H, describes an ordered system and 7 describes a single
impurity at sitel. Thus

Ho = Imio | +V >~ |nCIm| (6.1a)
nm

m

Hy =IO (6.1b)
We can study either the Greens's function G or the t—-matrix 7

G =Go+GoH1Go + GoH1GoH1Go + ... (6.2a)
T =H1+H1GoH1 + HiGoH1GoHa + ... (6.2b)

Substituting (6.1b) into (6.2b) gives

T = ICE 0] + || (& 00| Go || C& T + || CE (0 Go || CE (| G | CE [ + ...
= Ie (1+8G0(I,I)+(eGo(I,I))2+ ) il

_ €
G =Go+GoT Go
_ €
=Go+Goll Dm 0 Go (6.30)

Notethat the poles of G (or T) coincide with those of G with the addition of apole at
1
Go(l,1; Ep) = . (6.4)

Note that thismust be outside the band of H o; otherwise Gy has an imaginary part and (6.4) cannot be satisfied.
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b) Two Impurities
Now let us consider the case where H 1 consists of the potentia dueto 2 impurities. That is

M= e (6.53)
Hum = |MCE | (6.5b)
Ho =Ho +H) (6.50)

Hom = Ho + Hm (6.50)

with corresponding Green's functions Go, Goi, Gom, G. Since we have dready caculated Go = Go + Go7/Go We can
consider Ho as the unperturbed part and H, asthe perturbation. Thus

G =Go +GaHmGo + GoaHmGoaHmGol + ...
_ € (6.6)
=Gol + Go Immm | Goi

By substituting mow for G we can derive the final result. However a more symmetric formulation can be more

reveding. Let G' bethe 2 x 2 submatrix of G for the 2 sites| and m. Notethat 7, iseffectively a2 x 2 diagona matrix

aready. Then
T =Hi+H1GH1 + H1GH1G"H' 1 + ...

(52)-(5 £) (S8 (s
5 2) (S8 (s

< G0(| ) |) G0(| ) m) e 0 n
Go(m,I)  Gg(m, m) 0 ¢
Note that the terms of (6.7) consist of a series of steps between | and m interspersed with any number of steps which

remain on the same site. Thislatter can be summarised by t; which isthe t—-matrix dueto the singleimpurity at I. Thus
each of thefactors e or €' in (6.7) can be replaced by t; or t, and the G' lose their diagonal terms. Thus

(5 25 2) (o 4 2
(6 0) (cmn 67) (6 ) (68)
x(Go((r)n,l) GO((lim)> (g t:>+"'

We have thus separated the contributionsto 7 into those due to scattering from a single site and those associated with
multiple scattering between sites.

The result can be written as

T =fm (T + T + T1GoTm + TmGoT) (6.9a)

where the common factor f, isgiven by
_ 1
T 1=ty Go(m, NGo(l, m)
wherety, = €'/ (1 - €' Go(m, m)) the value of the t—matrix for scattering from asingle site.

The various terms derived above can be given a physical interpretation. The Green's function G(I, m) represents
propageationfromsitel to sitem. Terms of the sort Go(l, n)t,Go(n, M) represent propagation from| to m with scattering
fromsiten, etc. Thusitiscustomary to call the Green’sfunction G(I, m) a propagator. Sometimes the termlocator is
used for the diagona elements, G(I, 1), whereas others use the term propagator for al the matrix elements of G.

To first order inty, we can write the t—matrix as

T =T+ T+ O(Z%, T3, T Tw) (6.10)
and the multiple scattering terms can be ignored. In fact since they depend on Go(l, m) which decaysas|| —m| - oo,

the single scattering approximation is good when the impurities are dilute (i.e. far apart). Note that the one exception
isa 1-D system where multipl e scattering cannot beignored as Go(l, m) does not decay.

o (6.9b)
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¢) Infinite Number of Impurities

In this section we consider the case where a finite percentage of the sites are occupied by impurities in a random
way. An example would be a binary aloy AB;—x, where a fraction x of the sites are occupied by atoms A with site
energy €o + €a, and the rest are occupied by atoms B with site energy €o + €g. In genera we don’t know which sites
are occupied by A or B, but only the probabilities. We are thus led to the concept of arandom or disordered system,
whose Hamiltonian is not known. If there are no correlations between the random variables { €'}, their probability
distributionis given by

P{en) =] pEn (6.11a)
with
P(E'n) =xd(e'n —€a) + (1= X)O(€'n —€p) (6.11b)

In arandom system we are usually interested in the average (over al configurations) of the physical quantities. More
specifically we should like to know the average of the Green’s function [§ [(defined as

o= [ dfen} PAENG ) (6.12)
In genera [§Ocannot be calculated exactly. The Lloyd model constitutes one exception. When p(e',) isaLorentzian

1 T
P(ghn) = neZerz (6.13)
Then, because p(g'y) has 2 poles €', = #il", each integration over €', in (6.12) replaces €'y by #il"; thus finaly
(G*(B)) = Go(E £i).
Other commonly used distributionsare the rectangul ar

-1 r 1
p(En) { = foren| <3W (6.143)
0 otherwise
and the Gaussian
I —_— 1 elnz
P(ghn) = —Gmexp ~502 (6.14b)

ThisHamiltonian (often called the Anderson Hamiltonian) isthe simplest oneto model arandom system. Even within
the tight—binding approximation there are physically important aspects which it ignores.
i) the off—diagonal matrix el ements Vj; may a so be random variables (off-diagonal disorder).

ii) thequantity €', may depend on other sitesinitsvicinity of n.

iii) therandom variables{¢',} may be statistically correlated (short—range order).

iv) in amorphous systems such as glasses the disorder is a associated with the absence of a lattice rather than the
values of the matrix elements (topological disorder). Such disorder is much more difficult to treat. N.B. Some
authors(e.g. N.Rivier) reserve theterm topological disorder for systems containing odd numbered ringsof atoms.
Thisis often, but not aways, the case in real glasses.

In spite of the approximations built into the models it is still necessary to make further approximationsto solve
these modelsfor [G L]
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d) Virtual Crystal Approximation (VCA)
We useagain’H = Ho + H1 where Hg isperiodic and H containsthe random part. Then
[GF Go+GoH1GO (6.15)

since Go does not depend on the random variables. We assume

(H1GOr (H1 OGO (6.16)
Taking into account that
[HACE > |MLIE (N = E'mO= € (6.17)
m
since [8', s independent of m.
Subgtitutingin (6.15) we have
[G(B)O=Go +Goe [G(E)T
_ 1
T E-Ho-¢ (6.18)
_ 1
T E-THO

This approximation for [§Oconsists in calculating [@(H)Oas G(CH D) and simply shifts the energy levels by € = [&', 01
This shift can always be made equal to zero by Ho = [H Cand H1 = H — CHL From now on we adopt this convention.

The VCA fails completely for large va ues of <erﬁ> However it seems to work surprisingly well for some aloys
(eg. AlkGazAS).

€) Averaget-Matrix Approximation (ATA)
If 7 isthet—matrix associated with Hq and 7, we have

[GO=Go+Go T o (6.19)
where 7 isacomplicated function of the individua ty,’s
T =1 {tm}) (6.20a)
tm= 1= s'mZZ(m, m) (6:200)
The basic approximation of the ATA isto put
(7 O= f {(0nl}) (6.21)

Because (6.21) hasthe same form as (6.20a) with an m—independent [, Llit followsthat [T [ sthe same asthet—matrix
associated with H and aperiodic H; = 2, where X is chosen to satisfy

>
_— 22
= 1 - 3Go(m, m) (6.22)

Thus the energy is shifted by the complex self-energy X to give
[G(E)F Go(E - 2) (6.23a)

where
_ im0
1 + |:ﬂm':GO(mv m)

Inthelimit of weak scattering €', — 0, we obtain, inlowest order that

s (6.23b)
s <en§> Go(m, m) (6.24)

which isthe correct limit. The ATA isaso successful in the very dilutelimit, where the concentration of impuritiesis
< 1
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f) Coherent Potential Approximation (CPA)

As in the ATA case, the CPA calculates [ Othrough an effective Hamiltonian He, which in the simplest case is
characterised by asingle, complex, energy—dependent self—energy 2. The CPA is based upon expanding G in terms of
Ge=(E-He) *andH'y =H — He. Thus

G =Get+GeT'Ge (6.2561)
where thet-matrix 7' is
T =f{t'm}) (6.25b)
with ( 5)
. &'m -~
U'm= 1= (€m - 2) Ga(mm) (6.25¢)
Asfor the ATA the central approximationis
T'=f{@mD) (6.26)

Taking the average of (6.25a) and using [§ = G, we obtain [T'[= 0, which in view of (6.26) implies [',[l= 0. From
(6.25¢) we can write an equation for the self energy in theform

- €'m
* < 1-(&'m—Z)Ge(m, m)> (6.27a)

- 1
e < 1-(€'m—Z) Ge(m, m)> (6.27b)

In (6.27) the quantity Ge(m, m) depends on X through

Ge(m,m; E) = Gog(m,m; E-2) (6.28)

The CPA has been impressively successful. In the weak scattering limit it reduces to (6.24). It behaves correctly in
the strong scattering or dilute limit, and interpolates properly between them.

It does however have falures. The only approximation used is that [ ,(0= 0 implies (7 '0= 0. The physica
meaning of this can befound by expressing 7' interms of the 7' /’s as

T'=Y T+ TG0l m+ Y T'mG'oT'mG'oT's + ... (6.29)
m

n#m NZm#r

When the {€',} are independent random variables the quantities{t',} are aso independent random variables. Thus
the 1st 3 termsin (6.29) depend on [ ,Cal one, the 4th term contains contributionslike

D 0607 'wG 0T '0G'0T 'm0
n#m

= 3" Inc(2) {£2) Go(n, m)Go(m, n)Go(n, m) tn (6.30)

Similarly higher—order terms will involve terms in (t7) for any integer n, which correspond to multiple scattering
from a fixed number of sites. We conclude then that CPA incorrectly treats such multiple scattering. Such scattering
is of great importance for eigenstates which significantly enhanced in the vicinity of a particular cluster. The multiple
scattering is what traps the electron in the region for along time. Hence at energies where the DOS is dominated by
resonance or localised states, the CPA is expected to fail. Since the tails of the band are composed of such states the
CPA isavery bad approximation there, in that it predicts notail at al. The CPA tendsto eliminate the structurein the
DOS associated with such states. If the probability of occurrence of a specia cluster is small the CPA isgood. Such
special clusters will tend to be less likely in 3—d than in 1-d as the number of atoms involved will be larger. Thus
the CPA is better the higher the dimensionality. In thisit has much in common with a mean field theory of a phase
transition.
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0) Extensions of the CPA

In our derivation of the CPA we assumed that the random part 1 was a sum of loca terms. This was a necessary
assumption. It can however be easily generalised to the case where 1 involves a finite number of local orbitals. In
this case we can write

Hi=> > IMVEmy ©,m| (6.31)

m w'

and the effective Hamiltonian takes the form

Hie=» Y M VIE,y [,V (6.32)

m w'

where the matrix ., is determined by a matrix equation of the form (6.23b) for the ATA and [',[0= O for the CPA.
Care must be taken with the order of the matrices.
Another exampleis aspecial case of off—diagonal disorder where

Vi = Vm + Vi (6.33)
then H 1 isthe sum of local terms of the form

IMED ~ (&'mmn + Vi) @ (6.34)
n

where the summation is over the nearest neighbours of m.
Thisisthe case for the special binary alloy system where

Vag = 3 (Vaa + Vgg) (6.35)

and |attice vibrationd systems with random spring constants where
€m==Y_ Vim (6.36)
n

When (6.36) is satisfied, H1 can be decomposed into bond contributionsof the form
[NDVm ] + |[MDVyn [ + MV, [] + [NV, 0] (6.37)

The CPA can dso be generalised to other representati onsthan tight—binding. For exampl e, the so—called muffin—tin
CPA avoidsthe problems associated with off—diagonal randomness in the tight—binding case.

These generaisations of the simple CPA share with it its advantages and difficulties. The limiting cases are
correctly reproduced and the resulting DOS has proper anaytical behaviour, i.e. no negative DOS. However this
was only achieved by assuming special forms for the Hamiltonian. There have been numerous attempts to devel op
cluster—CPA methods. These involvefor example:

a) Forcing the system to have the periodicity of alarger supercell rather than that of a single atom per unit cell.
b) Embedding the disordered system in an ordered effective medium. This category includes certain versions of the

Recursion Method and the Method of Moments as well as the Cluster Bethe method.

7. Electrical Conductivity

Disorder has a much more profound effect on transport properties than onthe DOS. The DC electrical conductivity is
no longer infinite(as T — o), and we can even find a metal—insulator transition.
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a) Definition and Basic Results
An électric field E induces a current density j. The conductivity isdefined as the coefficient of thelinear (in E) part of
i

ja(r,t) :/Om dr/dr'caB(r,r';T)EB(r',t—T) (7.0

where the subscriptsa, 3 denote Cartesian coordinates and asummation isimplied over the repeated index 3. We shall
assume that E and j are both along the x—axis, so that we only need to consider o,; for smplicity then we drop the
subscripts.

Usudly E and j vary slowly over distances of the order of |g, where | is determined by the condition o = O for
[r =r'| > lo. Inthis case we can perform theintegration over r' and the average over r to obtain

i = /0 dto()E(t-1) (7.2
where
o(t) = é / dr dr' o(r,r'; 1) (7.3
We now consider o(T) or itsFourier transform
- [ dromeer :
o(w) /0 T o(1) (7.4)
If E(t) isgiven by
E(t) = Fe®t + FHd™ (7.5)
we have , .
j(t) = o(w)Fe '™ + o(—w)Fe™ (7.6)

the reality of j requiresthat o(-w) = c5(w) from which it followsthat the real (imaginary) part o1 (02) of o isan even
(odd) function of w. because of causadity, a(t) isnonzero only for T = 0. Consequently, o(w) isanayticfor Imw=0
with the possible exception of w = 0. Taking thisinto account as well asthefact that o(w) - 0asw — o (seelater),

we can see that o g
/ M -0 7.7)
e W HIS—W

To prove this consider a contour around the positive half plain. There are no poles. By taking thelimits - 0+ and
by considering theimaginary (real) part of (7.7) we obtain

o1(w) = %[P/ % (7.8a)
Oa(@) = —%[P / w . g (7.8b)

where iA is the residue (if any) of o(w) a w = 0. Thus, knowing o;(w) for w # 0 one can caculate o,(w) and
consequently a(w). The constant A can be obtained from the behaviour of a(w) at infinity.

(7.8) are usually referred to as Kramers—Kronig rel ationships.

The simplest and crudest way to obtain a(w) is by using Newton's equations for the el ectronic drift velocity vin
the presence of thefield F exp(—iwt) and afriction force —-nwvity; (Tyr isthe transport rel axation time):

Siomv=-" o eF (7.9)
Tyr
The current isgiven by j = nev where n isthe e ectronic density, we obtain for o(w)

neZTtr

o) = S i)

(7.10)
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For w — oo the electronic motionisclassical, al scattering is negligible, and only the el ectronic inertia ( as measured
by its mass m) matters. Hence
W00, I’](E"2

o(w) —— i o (7.12)

A dight generdisation of this approach, capable of treating non—spherical Fermi surfaces, consists in considering the
whole equilibrium distribution transposed rigidly in k—space by an amount 8k = mv/h, where visagain given by (7.9).
A more sophisticated approach is one given by Boltzmann’s equation, which determines the el ectron distribution in
k—space in the presence of an applied electric field and scattering mechanism, which tends to restore equilibrium. The
advantage of thisapproach is that the phenomenological parameter Ty, isrelated to the scattering potential V(r) by

1 _2n i 2 B
= = TP [ SdaVA(@)(L - cose) (7.12)

where pg isthe DOS per unit volume per spin direction, nimp isthe number of scatterers per unit volume, theintegration
isover al directions of q (E(q) = Ef) and V(q) is the Fourier transform of V(r). (7.12) followsfrom Fermi’s golden
rule for the transition rate from a given state on the Fermi—surface to al others. The extrafactor (1 — cos8) accounts
for the fact that what matters for transport is the momentum change a ong the direction of initial propagation. If V2(q)
isisotropic ( or more generaly , if it does not contain a p—spherical harmonic) then the cos@ term averages to zero,
and 1y, = T, where T isgiven by (7.12) without the cos6 term.

b) General Formulafor the Conductivity

i) Linear Response Theory
Consider the density matrix p(r, r') which is defined as

() = @u(ne(r) (7.13a)
= Blaa|rd (7.13p)

wherethesumisover all occupied states. The density matrix isclosely related tothe Green’ sfunctionsand shares many
of their properties. A more general definition replaces >~ by >~ fa, wherefy represents the value of Fermi-Dirac
distribution function for the state |a [l

We shall study the evolution of the density matrix using the equation

-ihp = [H, p] (7.14)
We write the unperturbed equilibrium 7 and p as Ho and po respectively, and the corresponding deviations as 67 (t)

and 6p. We assume further that 7o and po are time-independent, whereas 8 (t) is explicitly time—dependent. Then
to 1st order we can write

~if (p+8p) = [Ho, po] *+ [SH(1), po] + [Ho,3p)] (7.15a)
~iRdp = [SH(t), po] + [Ho, 3p] (7.15b)

By taking the matrix element of both sides with elgenstates |oCand |[3|be Ho we obtain

=i (o [3p| B) = (a |[8H(t), po] | B) + (a [0, 8p] | B) (7.16)
== (fa —fp) (o |5H(V)| B) + (ea —£p) (o [3P| B)
(7.16b)
which can berewritten in the form
% (afap|B) - i—ﬁ<ea ~ep) (a |op[B) = —iﬁ (fo =f) (a|82(0)| B) (7.17)
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Using theintegrating factor method the solution of (7.17) can be written down

(a|dp|B) = —i—ﬁé&%st / Car e %t 3f g (o | S ()| B) (7.18)

where dwyp = (£« — €g)/h and &fyp = fq —fp.

We now specidise to the case where &H(t) = OH exp(nt + iwt). The rationale behind thisisthat the perturbation
should be switched on infinitesimally slowly at t = —c0 and we are interested only in long term rather than transient
behaviour. We shdl later takethelimitn — 0+ . Substitutingthisform into (7.18) and integrating gives

<a |SH(t)| B)
(a o[ B) = ~F8lag =i — 50 Sy (7.19)
Thisisthe basic result of linear response theory.
In order to cd culate the conductivity we require
e e(r]+iw)t
OH(t) = - Ebn T (7.20a)
= ex [EeN*Ot (7.20b)
.1 -
i=gp)
1/e,
— 5 <—p5p> (7.200)
Ofap ,
Ee(r]+|w)t
szﬁz| IDIBEI] (N +iw) (w=in - dp)
(7.20d)

Thereal part of the conductivity o isfound by removing the time-dependent electric field factor from (7.20d), taking
thelimitn - 0+, and expressing the result in terms of delta—functionsto obtain

oiw) = -5 mzﬁZ| IIBEIJ “Ba (W~ Boxyp) (7.21)

Notethat thisfunctionis aways positive: the ratio &f/dwis always negative.

An dternative derivation of (7.21) is given by Economou.

Thisformulaisusualy referred to as the Kubo—Greenwood formula.

Using the Kramers—Kronig relations (7.8) we can now derive the expression for g,(w). Combining these
expressions we obtain finally

. en € - Of |
o(w+is) = (W+W2|<G|F’x| B>|2 ﬁéwis) w+is
ap

(7.22)
2 6forB 1

-
_IW%KG b B)l AS0p 00 +iS+ 80dyp

The term ie?n/mw = 04(w) isthe so—called diamagnetic contribution to o(w), and the rest, op(w), isthe paramagnetic

one, which can berecast as P
— 4 & 2 Ofap
Op(w) = +|m% |(a|py| B oFis+Sog (7.23)

The local conductivity o(r,r’; w) can be obtained by replacing the velocity operator matrix elements, p,/m, by the
current operator matrix elements:
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| (o |py| [3>| 1Q—Aap (A B(r) where

a oPl(r
hap(0) = 3 [05(0 2Dy 20 (.24
where Y (r) = (ol To obtain o, we must replace | (o |py| [3>|2 by
(a|p] B) (a[pi] B):
A useful identity relates the position operator X and the momentum operator p,:
im
p = — [0 |[H,X]|BO
(alplB) = 5 @.K1B .29

= imdwyp [ [X| B0

It should be noted that this relationship generally fails in the presence of periodic boundary conditions where the
position operator is not well defined. Nevertheless when all states are localised in a region much smaller than the
period (7.25) is often used.

Mott and Davisgivean instructiveway of deriving (7.10) ( for w = 0) starting from (7.21). Their main assumption
isthat for weakly disordered systems the el genfunctions have essentially constant amplitude (as in perfectly ordered
systems) but phase coherence is maintained only over adistance of the order of the transport mean free path | = Ve Ty
If the total volume Q is divided into cells, each of volume u; = I, then

(a|p|B) = Z /U drygpae (7.26)

Multiplying (7.26) by its complex conjugate and cancelling the cross terms due to their random phases, one obtains

(alol B =2 [ ervinu]

(7.27)

/ dr chx prIJB

Within the volume v, Yy and iz are assumed to be plane waves o that the integral can be performed explicitly.
Substitutingthe result in (7.21) one obtains
eznltr

01 =
2mMVg

(7.28)

which coincides with (7.10) except for afactor of 2 (for w = 0).
Thouless has aso obtained (7.10) starting from (7.21) by assuming that Y, and g are linear combinations of
plane waves with coefficients which are uncorrel ated Gaussian random variables whose variance is

Tt
lk2Q
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¢) The Conductivity in terms of Green's Functions

There are severa different formulations of the conductivity in terms of Green’s functions. Firstly we express o(w)
in terms of the causal Green’s function, g(E), which is important in many—body theory. For the present purpose,
non—interacting el ectrons, g(E) can be defined as G™(E) for E < Er and G*(E) for E > E, i.e.

o(E) =[E+isE(E-Er) - H] (7.30)
At T = 0we have 5 .
_ g _ 1
TR 7 | dE @lg®laripioE -+ e po (7.30)
Substitutingin (7.23) leads to
ie’n e de__ . R
o) = o + gz [ 5 T{BAERE +Fe) (.32

where the Tr operation includes a factor of 2 for the spin. By using standard many—body techniques (7.32) can be
generalised to finite temperatures. N
It is probably simpler to express o1 (w) interms of G = G* —G~. for that purpose one notices first that

S

3 (Rw + degp) = / dE&(E - Eq)d(E - Ep + ﬁw)w (7.33)
—80ap o
Substituting (7.33) in (7.21) we have
oy = T [ gl I E
x Tr { p,3(E +hw - H)p,S(E - H) } (730

_¢eh *def(E)—f(E+ﬁco)
T e /., hw

x Tr {p, ImG*(E +how)p, IMmG*(E)}

where again the Tr includes a factor of 2 for spins. G1(w) can be expressed in terms of G* by noticing that
ImG* =i(G~-G").
Notethat inthelimit w - 0 these equations can be simplified using

. f(E)-f(E+hw)  of
S A 1= (7.35)
andthat inthelimit T — O thisfurther simplifiesto

of
~se—8(E-E) (7.36)

Another useful formisfound by transformingthe p, operatorsto X operatorsusing therelationshipihp, = m[H, x].
Substitutingthisin (7.34) and rearranging gives
01(0) = 2 lim Tr {n? (G(E+in)XG(E - in)X)
! hQ n-o0+
-i3n GE+in) -GE-n) %}

(7.37)

Thislatter form has proven particularly useful as the starting point for the devel opment of a numerical method for the
calculation of the conductivity.
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In al thisit is necessary to average over the ensemble of disordered systems, usualy employing the arithmetic
mean of 0. Thereis much evidence that the distribution of Inc is better behaved (approximately log—norma) anditis
often argued that exp [In ois more representative of the whole distribution of o’s than (&L

In order to calculate the arithmetic mean it is necessary to calculate the average of aproduct of 2 G’s, which isnot
generally equal to the average of the product. However we shall consider the results of such acalculation. Workingin
the k—representation where both p and [ Care diagona and considering the d.c. conductivity at T = 0 we have

(k

Taking into account that (k | (,/m)| k) = w(k), and that
G*(E,k) = [E-Z(E) - E(k)] ", where = = 5, +i3; isthe self-energy we obtain

0‘(0) = @

Py
mQ - m

2
k>‘ ImG*EK)|* (7.39)

2
o(0) = 2;25 22 s (7.39)
< (B -z1-E)* +33)
The summation over k iseasier if weintroduce an integration over 8(E' — E(k)) dE', so that
2¢?h 1
o0 = =" [ e [5 S GS(E - E(k))]
) (7.40)

55

(& -=z1-E)*+ zg)z

X

The quantity in brackets, [], only depends on the form of E(k). For cubic symmetry lattices v2 can be replaced by v2/d.
Then the k summation can be replaced by an integration over the Fermi—surface, so that

1 2o 1 1 2
da 2 M B(E ~E00) = g [ i Mol

= —(ZT;d SSEME)

(7.41)

where Sisthe are of the surface of constant energy E' and V(E') is the average of the magnitude of the velocity over
thissurface.

In the weak scattering limit , where X, issmall , and Sv can be taken as a constant, the integration over E' can be
performed explicitly to give

eZVF S
=_° 7.42
00 = 5 @i (7:42)
For a spherical Fermi—surface this becomes
ve 1
o(0) =e’n— —— 7.42
© ke 2|22 (7:42)

where n is the density of electrons at the Fermi—evel. Comparing this result with the classica one (7.10) we can
identify T withh/2|Z,|.

Improved results can be obtained by including so—called vertex corrections for GG+ [GH. However we have
already seen that the CPA omits much of the important physics of disordered systems.
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d) CPA and Vertex Corrections
Consider aquantity of the form (G Bg) In the framework of the CPA thiscan be written as

<g|§g> = Geége + <(g —Ge) B(g - Ge)>
= (GeT'GeBGET ' Ge) (7.43)
= [Gel Gl

where theresidua t—matrix is non—diagonal in the site indices. We now use the property that
T'(M, N) = MY 0o ] + Y _ M, (] Ge(m, M) T' (', n) (7.44)
m'#m
and substituting thisin (7.43) to obtain

Mon = <t'm (1 + Z Ge(m, m)T'(m', m")) GeBGe

m'#m

x (1 +> T, ) Ge(n, n)) t'n>

n'#n

(7.45)

The CPA for the vertex part I, isto ignore the corrélations between thet','s and the T'(m, m')’sin (7.45). Thuswe

can write
Mon = <t'm < (1 + Z Ge(m, m)T'(m', m")) GeBGe

m'#m

X (1 + Z T'(n",n")Ge(n', n)) > t'n>

Since the t'r, are independent random variables with zero mean (due to the CPA condition) the RHS of (7.46) is
non-zero only when m = n. Hence

(7.46)

Fon = Ol n = Smn [Ty @ (7.47)

Of the 4 terms inside the average in (7.46) 2 are proportiona to [T [and hence are zero within the CPA; the 3rd is
simply GeBGe, and the 4this

D Ge(T'(1,1NGeBGT' (W', n)) Ge = > Ge(m, M) 1 Ge(n, M) (7.48)

I,n#£m n#m
Using > .mn =2, Fn —'m We can rewrite (7.46) as

Vn [1 + |:ﬂ'nt'n EGE(nv n)Ge(nv n)]
=" Eat'n[Ge(n, 1) [Bim +iBim] Ge(m, n) (7.49)

Im
In order to simplify this expression we define the quantity u(z, Z) as
uizz) = [ﬂ'n(Z)t'n(Z')El[l + [ (2t'h(Z) T5e(n, N; 2Ge(n, N; Z')] * (7.50)
so that (7.49) now becomes

Ya(2.2) = Uz 2)Ge(n,1;2) [Bim + Yi(2 2)3im] Ge(m, n; 2) (7.51)

Im
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The solution of (7.51) can be found by making the substitution
Yo =D YamGe(ml)BikGe(km) (7.52)
mlk
so that (7.51) can berewritten in theform

> | Vom = Unm = > uGe(n, NGe(l, N)Yim | (M|GeBGe| M) =0 (7.53)

m |

The only B-independent solution iswhen the quantity in [] bracketsisitself zero; that is
Yom = U8 + Y _ UGe(n, 1)Ge(l, N)yim (7.54)
|

The quantity ynm corresponds to the vertex—correction in many—body theory. (7.54) can be solved in k space to yield
V(G 22) =u(z,2) [1-uz DA 22)] (7.558)
A@;22) =) €9MGe(0,m; 2Ge(m, 0; 2)
m

= £ 3" Gelki 2Gulk - :2) (7.55b)
k

1 ioin—
Yom(z.2) = & qu i My(g; 2,2) (7:550)
These results can aso be written in a diagrammatic representation. Note that for weak scattering u— (g?) and
anHuamn- R
If we are interested in the conductivity tensor we first notethat B = p and that p in the k—rpresentation is an odd
function of k due to time—reversal symmetry. Hence from (7.52) y, = 0 and the CPA vertex corrections vanish. Note
however that for quantitieslike

AK; z,Z)
1-u(z, 2)AKk; z Z)

[G(m, n; 2G(n, m; Z) = % Zk: g kitm-n) (7.56)

which isrelated to the transmission coefficient, they constitute a major contribution.

€) Vertex Corrections beyond the CPA

Clearly we have omitted some important terms from the CPA; (7.46) is an approximation. The most important of
these form a group very similar to the CPA ones, and may, therefore, be equally important. They are best expressed
diagramatically using the so—called totally crossed diagrams. In conventional notation we have

Tr{A(G(2BG(2))} - Tr {AG QB G(Z)T}

. . (7.57)
= AsGe(S M; 2V mnGe(N, i; ABj Ge(j, M; 2)Ge(N, | 2)
and the equation corresponding to (7.54) is expressed in expanded form as
Y nm = Ge(N, M)Udmm Ge(N', M) Udnry
+ Ge(n, Uy Ge(l, MUy Ge(N', 1) U8 Ge(l', M) + ... (7.58)

I

Thisisreally thesameasbeforeexcept that half the Green’sfunctionshavebeenturned round. That isGe(m, n)Ge(n, M)— Ge(m, N)Ge(
We notethat in the presence of time-reversal symmetry Gg¢(m, n) = G¢(n, m) but that a magnetic field will destroy that

symmetry. Hencey'mn = Ymn. The difference between the two cases liesin the way the vertex part ymn is connected to

therest of the system. In the CPA case the 2 G¢'s which connect ym, to Aand B start and end on the same site, whereas

in the case of the totally crossed diagrams the sites are different. The symmetry which made the CPA correction to

the conductivity zero is no longer effective and a finite contribution results. This contribution plays a crucid rolein

localisation (see below).
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8. Disorder and L ocalisation

Earlier we tried to calculate the conductivity of a disordered system by assuming that the amplitude of the wave
function is constant and the phase is random. Thisis quite a common approximation in the metalic regime where
the phase may be considered random on length scales larger than the mean free path. However there isno reason in
principlewhy the amplitude should not be affected.

Consider the simple case of 2 coupled pendula. The transfer of motion from one to the other is facilitated by
strong coupling and opposed by frequency mismatch. If we now consider an array of such pendula, then it is not
difficult to imagine a region of strong frequency mismatch which a wave propagating in such a medium will find
amost inaccessible. Infact one could imagine awave surrounded by such regionswhich is confined toits own region,
unable to escape.

Previously we considered a single or double impurity. These gave rise to discrete states outside the continuous
spectrum of the rest of the system. What happens then when we go over to a finite density of impurities? We should
expect the discrete spectrum to be smeared out to form a continuum which forms atail of the main band. The question
arises whether such states remain localised or become extended.

The answer to this can be found in the framework of the random tight—binding model often termed the Anderson
Model. It containsinitssimplest form the essential competition between the coupling V and the energy (or frequency)
mismatch, whichischaracterised by awidth d¢ (8¢ = |ea — €|, ", Wfor binary, Lorentzian and rectangul ar distributions
respectively) of the probability distribution of the random variable €,,. Thusthe important parameter for localisationis

Vv
Q=5 (8.1)

As we shal see an equally important parameter is the dimensiondity d. Other aspects such as the shape of the
probability distributionand the type of lattice are of secondary importance and are believed not to influence the alleged
universal features of the problem.

We now summarise the main resultsin the field. These results have usually not been rigorously proven but are
generally accepted.

i) Thereisacritical dimensionaity d = 2. For d < 2 dl eigenstates are localised, no matter how weak the disorder
is. For d > 2 and for weak disorder the tails of the band consist of localised states whereas the interior corresponds to
extended states. These regionsare separated by critical energies, called mobility edges. Asthedisorder isincreased the
mobility edge tends towards the centre of the band until eventualy, a the Anderson Transition, all states arelocalised.
This can be represented on the E — W plain, by a mobility edge trajectory which separates the regions of localised and
extended states.

ii) For d < 2 the vertex correction to the conductivity, for weak disorder, is given by

Ulm
007 ~ —/ % (8.2

where Ly is dominated by the shortest of several upper cutoff lengths which may be present in the system, and L, the
lower cutoff length, is believed to be very close to the mean free path | ;

Lm ~ /D1y = ly/\/d (8.3)
where d isthedimensiondity, D isthe diffusion coefficient which isrelated to the conductivity by the Einstein relation
o = 26peD (8.4)

where pr isthe DOS at Er per spin per unit volume (area or length).
Examples of upper cutoff lengths Ly, besides the geometrical dimension L, are; the diffusion length during the

inelastic relaxation time Tip,
Lt = \/DTin; (85)

the diffusion length during the time w™, where w is the frequency of an external AC field
L, = vVD/w. (8.6)
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The presence of an external magnetic field B introduces 2 characteristic lengths:

L'g = \/m (8.7)
where wy = eB/m, the cyclotron frequency, and the cyclotron radius

Ly = Vi/eB (8.8)

For weak disorder, L's > Ly, and hence Ly isthe relevant length. If we assume that the various rates (i.e. 1/1) are
independent of one another, the effective upper cutoff length due to the combination of several is

LZ=L2+L2+L 2+ ... (8.9)
Ford =2(8.2) yields
€& Lu
601 = T[Tﬁ In L_m (810)

whilefor d = 1 (where L, can betaken as zero)
50'1 ~ =Lm (8.11)

Equations (8.10,8.11) show that the corrections do not disappear as the upper cutoff length Ly becomes very large. In
fact they increase with Ly until 0 — 0. Thustruly metalic behaviour is not possible for d < 2. Thisis, of course,
consistent with the statement that all elgenstates are localised. Thisfact isoften masked by the fact that at high enough
temperatures Ly is quite short. Additionally the localisation length can be macroscopic for quite significant disorder
and astronomical (literally) for weak disorder. 101" has been published.

iii) The vertex correction (8.2) comes from the post—CPA terms discussed earlier. The CPA terms athough quite
similar produce no correction to the conductivity. The presence of electron—electron interactions eliminates this
cancellation. Infact they produce avery similar result to (8.2). The cutoff Ly, how depends on the frequency w and
thetemperature T as

L2 = ks T/AD + w/D (8.12)

However in this case Ly does not depend significantly on the magnetic field. Thisis because the CPA termsinvolve
G!.Gry, Which is unaffected by the field, while the post—CPA terms contain G;,,G.,,, which acquires an extra phase
factor in the presence of B.

iv) The theoretica results presented in (ii) and (iii) are in impressive agreement with experimental data, especialy
for 2—d.

V) It has been suggested that (8.2) can be used even for 3—d systems as we approach the mobility edge from the
metalic side. For d = 3(8.2) gives

001 ~ 1lwm (813)

When Ly, isamagnetic length this predicts a negative magnetoresi stance proportional to B2,
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a) One-Dimensional-Case

Mott & Twose were the first to propose that all eigenstates of a 1-d system are localised. If we assume that each
back—scattered wave is lost due to destructive interference, then this picture suggests that the localisation length A,
defined by the relation

A= = lim ((In [/t i) (8.14)

is about the same as the mean free path I; Yy, isthe amplitude of the eigenfunction at m.

Borland showed that for a random d—function array the solution of the differential equation with fixed boundary
conditions at one end grows exponentially on average with the distance. This exponential growth was seen to be the
result of phase incoherence. The picture that emerges on the basis of this proof is that at every energy there are 2
independent solutions growing exponentially in opposite directions. At particular energies (the eigenvalues) the | eft
growing solution matches up with the right growing solution to form alocalised eigenstate. According to this picture
the localisation length is the same as the rate of growth of the solution of the differential equation.

The exponentia growth can be shown rigorously using the transfer matrix technique. The transfer matrix is a
2 x 2 matrix which connects e.g. W, dy/dx at x with Y, dy/dx a X'. The concept of the transfer matrix transformsthe
propagation of the wave to a product of random matrices. There are exact theorem’s which show under quite general
conditions that the product of random matrices grows exponentialy. (See e.g. various papers by J.B. Pendry and
PD.Kirkman).

Thetransfer matrix techniquecan be used for the cal cul ation of thetransmission ([t[?) or reflection (|r|?) coefficient
associated with a disordered segment of length L. Using Flrstenberg’s theoremiit is easy to prove that

%<In ItP) = —% (8.15)

where 1/\ isthe average rate of exponential growth of thesolution. Thereisincreased interestin [t|° becauseit isrelated
to the conductance or resistance of the system. Landauer considered a disordered segment of length L connected to
2 semi—infiniteleads. The leads are considered to be connected to reservoirs at +co and al relaxation of energy takes
place in these reservoirs. Then we can write equationsfor the right and Ieft going contributionsto the current on both
sides of the system

iRe = [tPiLs +|rPir

R ||2.L | |2.R (8.16)

iR- =i+t ir-
where the letters L and Rrefer to the left and right side of the disordered region respectively and the signs + and - to
the direction of the current.

After relaxation to the ground state the change in potentia energy is proportional to the total occupancy of the

states which is proportional to the scalar sum of the 2 currents. The number of states associated with a change of
potential energy edV is

1 ok
Ns = eBVE[ 3E (8.17)
whereas the absolute current carried by each stateis cal culated using the group velocity
. 10E
Is = eﬁﬁ (818)
Thusthetotd current associated with &V is the product of these
i = Ngig = 2%6V (8.19)
where the factor 2 isfor spin.
We consider only right flowing total current (i.e. i,- = 0) and combine (8.16) with (8.19) to obtain
& Itf
h I[P (8.20)
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This formulahas certain attractions. It doesall the right thingsin the limits. At zero disorder [t —1 and G isinfinite.
However the formulais not uncontroversial. Other authors (e.g. J.B.Pendry) prefer the form

G= 2% It (8.21)

which is obtained by ignoring the contribution of the reflected current to the voltage difference. The differences
between these formulaereally lie in the description of the leads rather than the disordered region itself. For example
consider the case of zero disorder. (8.21) would alow the potential to drop solely over the non—existent disordered
region: clearly absurd. On the other hand in the case of a narrow channel between wide leads there is no difficulty.

The root cause of this controversy liesin a fundamental contradiction. Conductivity implies transport between
2 pointsat different electrochemical potentials. Hence transport and dissipation are inextricably linked. On the other
hand there clearly is a relationship between transmission coefficient and conductance. Where does the dissipation
comein?

In addition to the above uncertainties in defining properly the DC resistance of a finite one-dimensional system,
itisfound that the probability distribution of |t|* possesses |ong tailswhich are responsible for a peculiar behaviour of
various averages. For example

(Inftf?) = =2L/A (8.22a)
(tr?) = E [1+exp(4L/N)] (8.22b)
(™) = % + § exp(4L/A) + £ exp(12L/A) (8.22c)
<|t|2”> = Dn(M2L)¥2 exp(-L/2)) (8.22d)

where the constant D, depends only on n. The standard deviation of In [t|? is proportional to (L/A)Y2 for large L/, with
adistributionthat appears to be Gaussian.
The localisation length can be obtained from the Greens function as follows

A= —“_—1m| In|GI, MmO I-m| - o (8.23)

Using the Renormalised Perturbation Expansion (see earlier) we have
G(I,m) = G(I,H)VG(l + 1,1 + 1[IV ... G(m, m[m—1]) (8.24)

Note that in 1-d G(m, m[m — 1]) is independent of everything to the left of site m. It can be shown that products
like (8.24) have the property that, if we define the submatrix G' to contain all the matrix elements G(i,]) withi and
between | and m, then

G(l,m) = det{ G'} (8.25)

Hence (8.23) becomes

A—l:“ mlam”_ <Zln|E EJ>

= lim /_m dE’<Z|6|(;m|EJ>In|E—E'| (8.26)

:/ PE)On|E-E| dE'
Thisresult was first obtained by Thouless.

b) Scaling Theory
The major breakthrough came in 1979 with the scaling theory of Abrahams, Anderson, Licciardello and Ramakrishnan
(the gang of four). Many of the ideas go back to Thouless and to Wegner.
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i) What's so special about the Conductance?

Consider ablock of disordered material of dimensions LY. The average difference in energy between neighbouring
eigenstates is AE = L%p where p is the density of states. Another important energy scale is the effective uncertainty
in the energy of each state, SE. When the disordered block is embedded in a solid we can define 8E in terms of the
average time a particle spends in the block. Thus

OE = ht (8.27)

When L islarger than the mean free path the motion is effectively diffusive. Hence T isrelated to the size of the block
viathe diffusion constant, D.
L2=Dt (8.28)

D however isrelated to the conductivity viathe Einstein relation

o=¢eDp (8.29)
Hence we can write . .
OE = gcp‘lL‘z = ZOAE L92 = gAE. (8.30)

The physicd pictureisthat if 8E < AE eectrons from one block will not penetrate into the next block when several

blocksare joined together, whereas if 8E > AE therewill be no barrier to transport. However (8.30) showsthat SE/AE

is essentidly the conductance and thisisthe only quantity which controlsthe behaviour as blocks are joined together.
Thisresult can be summarised in the form

g(2L) =f[g(L)] (8.31)
or indifferential form " dl
_ ng _
L - B or dinL - B(Ing) (8.32)

Thisisthe famous 3 function. Two important points should be borne in mind:
a) (8.32) issimply aspecial case of a more general multi—dimensional relationship.
b) A more general form would be to consider the whole distribution of values of g rather than an unspecified mean.
So that we could write

d _
mP(Ing) =B[P(Ing),Inq] (8.33)

We shall return to this case | ater.

ii) General Scaling Properties.
(8.32) looks like a nonHinear equation of motion such asis studied in the theory of chaos, except that t— InL. Most
of the mathematical resultsfrom chaos can be applied to our problem. In particular if we consider amulti—or infinite—
dimensiona version of (8.32) it will in general be possibleto identify various topological features of the phase space,
such as
a) Attractiveand repulsivelines, surfaces, etc., where the flow is always towards (away from) the feature.
b) Fixed points. These are of 3 types.
1) Stablefixed pointsor sinks. Everything flows towards the point.
2) Ungtablefixed pointsor sources. Everything flows away from the fixed point.
3) Saddle points. Flow istowards the point in some directions, awvay in others.
It should be noted that it is always possible to write a general equation like (8.32) but it may have to be infinite
dimensiona. The one-parameter scaling theory contendsthat thereexistsan attractivelinewhich may be parameterised
by the conductance g. Thus we must be careful to make sure that the system islarge enough that it is sufficiently close
to that attractive line for the assumption that g is the only relevant variable to be vaid. The other variables which
control the deviation from the attractive line are often termed irrelevant. In reality this does not necessarily imply that
they may beignored.
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iii) Fixed Points
Closeto afixed point an equation like (8.32) may be linearised to give

=B(g-g") (8.34)
where B isthe matrix of derivatives of 3. (8.34) has solutions of theform
g =g’ +ALP (8.35)

where the '; are the eigenvalues of B. The constant of integration A; contains all the information about disorder,
energy etc.. Consider for example one of the solutions (8.35). For any finite L we expect g to be a smooth function of
disorder, &€, or energy, E. In thiscase we may Taylor expand A around the fixed point. Hence

g=g"+A(E-EILF (8.36)

where E" is the fixed point energy, i.e. the energy at which g isindependent of L. It is useful to write everything in
terms of dimensionlessvariables. Thus :
g=g +A" (L/E)° (8.37)

Comparing (8.36,37,38) we obtain an expression for the length scale &
¢~ [E-EF (8.38)
from which we can identify the critica exponent v; associated with the correlation length, &;, as

v = -1B' (8.38)

iv) Crossed Diagrams

Fromthetotaly crossed diagrams (see beyond the CPA above) we can obtain an expression for the expansion of B(Ing)
intermsof 1/g. Suppose the leading terms (in 3—d) are

wzl—(%m>n=n(lng—lngD) (8.39)

which leads directly to the result that

v =1/n (8.40)
Thus if the leading term in the expansion is 1/g then v = 1, wheress if the leading term is 1/g? then v = % Note
however that thisis avery rash approximation. Recent results (Wegner) suggest that the next termin thisexpansionis
at least aslarge as this. Nevertheless for ordinary disorder we havev = 1, but for random magnetic field or spin—orbit
couplingv = 3.

v) Conductivity
For large g we expect the scaling behaviour to be classical,

g= gol_d_z (841)
which gives directly the limiting behaviour B = d - 2. However, comparing (8.41) with (8.37) we obtain o ~ &1 and
hence the critica exponent s for the conductivity is related tov by s = (d = 2)v. This result, originally derived by

Wegner, was often misinterpreted to predict aminimum metallic conductivity in 2—d (s = 0). However it presupposes
the existence of afixed point, which is not necessarily valid in 2—d.
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vi) Whole Distribution

Returning to the general (8.33) for a one—parameter scaling relationship for the whole distribution of g. If there exists
afixed point here it isrepresented by a scale invariant form of the distribution. In this case the linearisation takes the

form
PO 5 [p@ - Pio) 642)
which has the solution
P(g) = P{(g) + A(g)L® (8.43)

where A(g) depends on energy, disorder etc. and f_f A(g) dg = 0. Note, in particular, that the value of the critica
exponent isindependent of which averageis considered, [gL]exp [ingor 1/ [1/gllas long as the corresponding integral
over P(g) iswell defined. It isby no means obviousthat thislast conditionis fulfilled.

Another side effect of the existence of afixed point distributionisthat al the moments of PY{(g) are also fixed. It
may well appesar that these moments are independent of the size of the system. Thereis considerable evidence for the
existence of auniversa vauefor the standard deviation of the conductance.

og=1 or oG = % (8.44)
These are often called Universal ConductanceFluctuations. Theeffect isobserved at very low temperatures by varying
Fermi level (gate voltage) or magnetic fields.

¢) Field Theory Formulation

This section can only be the briefest of outlines of the field theoretical formulation of the problem.
Consider theintegral form

it

/ Do Dp exp {i (¢' [E+iy-¢€] )} =
Note that thisis really a 2-dimensional integral, because we have integrated over the @ and @' separately. The more
genera form of thisisthen

oo PN
[ TIo oa e i 6l [E+iv=ril 0} = g Sy 8.46)

From thisform it is possible to calculate the Green’s function using
/ HDcn D@ @hgnexp{...} =Gm = —— I (8.47)

or even the 2—particle Green’s function by including 4 ¢'sin (8.47). However the presence of the determinant (8.47)
makes it difficult to evaluate exactly. There are 2 ways to solve this problem:
i) The Replica Trick. Consider n replicas of the system. Then the total system will include (8.46,47) raised to the
power n. |f wethen takethelimitn — Owe obtaindet[...]° = 1 and are left with the desired Green’s function.
ii) Supersymmetry. When the integral in (8.46,47) is evaluated using Grassmann or anticommuting variables, the
result isthe same except that the determinant appearsin the numerator. By integrating over 2 normal (commuting)
variables and 2 Grassmann variables the determinants cancel and again we are | eft with the Green’s function as
required.
In the case where the 2—particle Green’s function is required (e.g. in order to cdculate the conductivity), there is
a further complication. The integral in (8.45,46,47) only converges when the real part of the exponent is negative.
In (8.45) a factor i is introduced which combines with the imaginary part of the energy iy to give —y@?. For the
conductivity, however, we require terms like G*G™. To enable us to calcul ate such quantities the integrand must take
theform

{0l [E+iy=Hy] oy - g} [E-iy-Hy] o }

(8.48)
=i {oloy ~ haa | [E-Hy] +iv{@ioy + ehon | +e
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The value of the exponent in the integrand in (8.48) is made up of a term which is invariant under transformations
which preserve the value of ((pL @ — (p;i @), and a smal perturbation, proportional to y which breaks this symmetry.
The group of allowed transformations is the pseudo—unitary group, U(n,n). In the usual case where H is real and
symmetric the real and imaginary parts of @ are independent of one another and the group is the pseudo—orthogonal,
O(2n, 2n). When the only source of scattering is the spin—orbit coupling there is an extra symmetry due to the spin
exchange under time—reversal symmetry. The resulting group is pseudo—symplectic, S(n, n).

These 3 cases form the Universality Classes for the localisation problem. In 3—d the orthogonal case, ordinary
scattering, gives a critical exponent of 1, whereas the Unitary case givesv = s = % There are no reliable predictions
for the Symplectic case (the series doesn't converge). Experimentally thisis still a matter of some controversy. In
heavily doped semiconductors, for exampl e, the exponent appears to be unity or % for compensated and uncompensated
systems respectively.

In 2—d the 3 cases differ in the way the B—function approaches zero, giving B = —a/g, B = —a/g® and B = +a/g
respectively. Notein particular the positivecontributionfrom the sympl ectic (spin—orbit) case. Thiseffect issometimes
termed, weak antilocalisation. Notethat thisimpliestheexistence of extended states. Itisnot completely clear whether
in fact there are any localised states in this case.

Note however that inreal systemstherewill beavariety of scattering mechanisms, such that no singleuniversaity
class need apply.

d) Numerical Approach.

A number of numerical approaches to the localisation problem have been developed. In the 1970's there was a
remarkable degree of agreement on the detail s of the transitionin 2—d. In retrospect the agreement was spurious, being
due to the similar storage capacities of the various computers used.

More recently finite sized scaling methods have come to be accepted more generally. Using a numerical variant

of the transfer matrix technique
=5 5) ()
Yn I 0 Yn-1
n
_ E-H, -l V1
-H< | o) <y0> (8.49)
m=1

(3
Yo

we can calculate the Lyapunov exponents, essentially the logarithm of the eigenvalues of T. These arein pairs which
are reciprocals of each other due to the symplectic symmetry of T. The smallest exponent may be identified with the
localisation length Ay of astrip or bar of width M(xM) for which the calculation is being carried out.

It isfound (MacKinnon & Kramer) that A = Am/M obeys a similar scaling relationship to the conductance. Thus
many of the results discussed above can be transferred to A. In particular, by fitting

A = A"+ AW - WM (8.50)

to resultsfor A as afunction of strip width M and disorder W, it is possible to caculate the critical exponent. Most
work has been done on the Rectangular distribution which seems to give s = v = 1.5 which is not compatible with
the analytical approximationsor with the experiment. However more recent work using other distributionsisin better
agreement with analytical work s=v = 1.

Clearly however the problemis not yet solved.
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