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1 The question of ‘external’ currents

Our problem is to determine the field radiated by a given current source.
Maxwell’s equations give us
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We are then able to select a suitable gauge. The choice suggested by Panofsky
and Phillips [2] is
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This is the Lorentz condition for conducting media. Applying it to equation 2
gives
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Slightly more work is required when applying the gauge condition to equation
1. We begin by rearranging the terms slightly:
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The gauge condition, equation 5, may then be used to replace the final term:
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Finally, we add a term to both sides; the left-hand side is then the vector
equivalent of equation 6:
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We can identify the term in brackets as —E, giving the result
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The source for the vector potential is now the difference between J and oE.
With the usual definitions for the conductivity, current and field, this would be

Zero.

The argument of Panofsky and Phillips is that as long as we confine our attention
to the fields arising from the current, rather than the external fields which
produce the current, we can write

J =J-0E (11)
where J’ is the external current and E’ is the external field, with

J =oE. (12)

However, there appears to be a problem with this line of reasoning. Consider
substituting equation 12 into equation 11; this gives

J=0c(E+E), (13)

implying that E, ¢ and A do not represent the total fields, since they do not
include the external components. Why, then, would we use the total current J
in equation 1?7 This seems to be inconsistent.

It is possible to retain equation 11, as long as equation 12 is discarded and
replaced with the alternative
J =0'E. (14)

The separation has been transferred to the conductivity, some of which (¢”) is
now considered to be ‘external’; the total field E is retained. Ohm’s Law, when
applied to the total fields and currents, now takes the form

J=(c+0)E. (15)

It is then evident that the conductivity which appears in the decoupled vector
and scalar potential equations is not the full conductivity; specifically, the part
relating to the external current has been removed.



In the absence of additional currents (o = 0), the relations become
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In free space we can also replace eu with 1/c2.

2 Waves emitted by a cylindrical source

We will consider two kinds of source here. In both cases, the current is confined
to a thin shell of radius rg.

2.1 Axial current

In our first system, we consider the following current source:
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The current flows in the z-direction only; A is therefore also parallel to z. We
require a solution to the equation
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We can immediately guess the form of the z- and ¢-dependence of A,. The
function
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satisfies equation 19 as long as
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The homogeneous version of this equation is
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which we can solve by separation of variables:
f(r,0) = R(r)O(0). (23)
This gives
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where

K= — k2 (25)

In these notes, we assume that k,c < w, so that x is always real. Dividing
equation 24 by f and rearranging leads to the separated form
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We therefore set both sides of the equation to be equal to m?, the separation
constant. By inspection, the solution for © is

0 =M, (27)

In order for the function to be single-valued, we require that m be an integer.
The R equation is
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which is a version of Bessel’s equation, and has the solution

R = R HY (kr) + RyH? (kr). (29)

Our inhomogeneous equation does not depend on 6, and we therefore require
that m = 0. The full solution for f is then

Fr) = RyHY (kr) + RoHS (kr). (30)

We expect the constants R; and Rs to be different in the two regions r < rg
and r > ro (separated by the current sheet). The field must have a gradient
discontinuity at the boundary; this can be seen by integrating equation 21 about
r=To:
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Letting A — 0 then gives
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We will use this boundary condition later.



The asymptotic form of the zeroth-order Hankel functions as the argument tends
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An outgoing wave is represented by Hél), while Hé2) represents an incoming
wave; the solution for r > rg must therefore contain only Hél).

When r = 0, the field must not diverge. Both H(gl) and H(gQ) diverge logarith-
mically at the origin; as r — 0, we have
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The non-divergent combination of the two functions is
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the Bessel function of the first kind. Our boundary conditions at the origin and
at infinity have shown that

ado(kr) 1<

Hél)(m") r >y (38)

)= 40 {

where o and Ag are constants to be determined. Our next boundary condition
is that the field must be continuous at r = rq, so that
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Finally, we may use the gradient discontinuity on the boundary (equation 32)
to give
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This relates the amplitude of the outgoing wave to the current which produces
it. The full solution is
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In the limit of small rg,
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Considering only the dominant terms, we then have
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and the full solution becomes
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Next, we calculate the magnetic and electric fields. The magnetic field is
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The electric field can then be calculated either from equations 4 and 5 or directly
from Maxwell’s equations. Taking the latter approach, we start with
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The time dependence is harmonic and there is no current away from the source,

so we can rearrange this equation to give
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The form of B means that this expression reduces to
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Substituting for B, we have for the inner region
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Similarly, the result for the outer region is
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2.2 Solenoidal current

We now move on to the second system, in which the current flows around the
Z-axis: . _ _
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Once again, A must satisfy the vector potential equation (equation 17). Based

on the results of the previous section, we can guess a solution of the following
form:
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Away from the current source at r = rg, the vector potential equation reduces
to the homogeneous form
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As before, we will proceed by obtaining the solutions to this equation, and then

applying appropriate boundary conditions; the current source will provide one
of these conditions.

VA (56)

We first calculate the effect of the Laplacian operator on a vector of the type
described in equation 55:

V2 (d40(r2)) = ¢(v2A¢j};>
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Next, we susbtitute for Ay from equation 55, and use the recursion relations for
differentiation of Bessel functions to obtain
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In order for A to satisfy equation 56, we therefore require that
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From the definition of x (equation 25), we can see that the condition is met, as
long as we set n = 1. (Note that n = —1 does not give an independent solution.)

The constant « is obtained from the requirement that A be continuous at r = rg;
the result is
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The final constant in our solution, Ag, is related to Jy; we can determine the
relationship by using the same technique as before, ie. integrating equation 17
over a region around rg. Only the ¢-component of the equation is non-zero:
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Since Ay is continuous at r = 79, the second term on the left-hand side disap-
pears in the limit A — 0, leaving
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Substituting for A4 then gives
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In the limit rqg < 1, this becomes
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Having obtained A, we can now deduce the electric and magnetic fields. For
convenience, only the fields in the outer region will be calculated; those in the

inner region can then be obtained by replacing H. 7(,,1) with J,, and multiplying
the resultant field by a. We begin with the magnetic field:
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The electric field then follows:
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For this solenoidal current, the electric field is purely in the ¢-direction, while the
magnetic field has only r- and z-components. These fields are complementary
to those obtained in the previous section; the two sets of fields are related by
the transformation
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In free space, Maxwell’s equations are invariant under this transformation.
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Figure 1: The contour of integration implied in equation 69.
3 Plane wave expansion of Hankel functions

Our aim is to expand the function H,(f)(m") (where n =0,1,2,...) in terms of
plane waves. We begin with the definition [1]
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which is valid for |argz| < 7/2, although we will be considering only real,
strictly positive arguments. The integration contour is shown in figure 1. We

then change variables to a;, where

t=ia+ = (70)
2
The integral becomes
1 7 /2—%00 P o o
HVY(z) = —/ exp [— <ew‘+”/2 - 6710‘71”/2) —n(ia+in/2)| da

™ —m/2+ic0 2
e—in‘n’/Q 7 /2—1i00

= / exp (iz cos a — ina) da. (71)

™ —m /24100

The new contour is plotted in figure 2. In fact, we can deform this contour
slightly without changing the value of the integral. If we move the entire contour
to the left in the complex plane (as indicated in figure 2), we do not cross any
singularities. For this procedure to be valid, we must also demonstrate that the
value of the integrand at the endpoints is unchanged.

We first consider the upper limit; here, the value of the integrand is now

lim |exp (iz cosa — ina)
§—oo a=n/2—if+7/2—¢
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Figure 2: The new contour of integration used in equation 71 is plotted in red;
the blue line shows the effect of displacing this contour by an amount (7/2— ¢),
where ¢ is a real number.

= 5lim exp [iz cos (m — i€ — ¢) — in (1 — i€ — §)]

lim exp [%ei(”_d))ﬁ —n& —in(m— ¢)}
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The behaviour is dominated by the first of the three ¢-dependent terms. When
sing > 0,
- ? o i L _
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and the integrand is zero at the upper limit. This is the case when the contour
is undeformed (¢ = 7/2). If we restrict ¢ so that

O<op<m (74)

then the value of the integrand at the upper limit remains zero; therefore we
are free to move the upper limit by an amount (7/2 — ¢), where ¢ lies within
the range specified in equation 74.

The same analysis can be applied to the lower limit. The value of the integrand
here is

lim [exp (zz cosa — ina)}
§—oo a=—7/24if+7/2—d

= gli_>m exp [Zz cos (Zf — ¢) —in (15 - ¢))]
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As with the upper limit, the dominant term is
—geg sin ¢, (76)

and the integrand evaluates to zero as long as ¢ lies in the range given in
equation 74.

We have demonstrated that for this range of values of ¢, the deformation of the
contour does not alter the value of the integral.

We may therefore write
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In our original function, the argument of the Hankel function was xr. Replacing
z with kr, and writing

x = rcoseo (80)
= rsing (81)

leads to the following expression:
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Note that the restriction on the allowed values of ¢ has become a restriction on
Y
y > 0. (83)

Finally, we change variables one more time. Our new integration variable is

k. = kcosb; (84)
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Figure 3: The contour of integration for the integral in equation 92.

the new contour is shown in figure 3. For convenience of notation, we also
introduce a second variable:

ky = rksin@ (85)
so that
dk, = —ksinfdf
= —k,db. (86)

By following the value of sin @ around the contour, and comparing k, and k,,
we obtain the following choices for the sign of k,:

2 _ L2 <
k‘yz{ VK2 — k2 when k| <k (87)

1\/k2 — k2 otherwise.

i

Using the new variables, we also have

krcos(0 — @) = kpx+kyy (88)
krsin(@ —¢) = kyx —kpy, (89)
giving
e 0= = cos(0 — p) —isin(f — ¢)]"
ke + Ryy —i(kyx — kpy) "
- [
KT '

It may be more helpful to rewrite only the #-dependent part of this term, using
equations 84 and 85:

e” 0= — £ o5 — isinf]"

oo (2222 o

R
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Our integral is now

—inm/2 =00 ikyztikyy S, i) 1"
HY (kr) = ¢ / c ’ [(k"L zky)(a:—&—zy)] dk
s o —ky KT
e /oo Rt [ (ky — iky)(@ +iy)]"
= - . ky o x
(92)
or alternatively
in(¢p—m/2) 0 ikex+ikyy k. —ik n
HO (k) = £ / ¢ - ( S y) dy. (93)
T oo ky K

Note that this is not really a plane-wave expansion, because of the dependence
on ¢ (or equivalently on x and y). The exception to this is when n = 0, in which
case the representation is very simple:

1 oo ikyx+ikyy
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4 Fields from a cylindrical source in terms of
plane waves

We can apply the formulae developed in the preceding section in order to expand
the fields emitted by our cylindrical sources.
The electrical field emitted by the solenoidal source is

E(r) = iwAope™ > T HM (k). (95)

We are aiming for a plane-wave expansion in Cartesian coordinates. The first
step is to write the azimuthal unit vector ¢ in terms of x and y:

q?) = (—sing)X + (cos @)y. (96)

The Cartesian components of the electrical field are therefore

B, = —iwAge®= gD (4r)sing (97)
E, = iwAge® = @t HM (k) cos ¢ (98)
E. = 0. (99)

In the previous section, we developed the expansion of H,gl) for arbitrary n;
when n = 1, we have
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In order to eliminate ¢ from our formulae, we will also use the expansion for
n=-—1
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where the second line follows because

k=[R2 + k2. (102)

A property of Hankel functions is that for integer values of n

HY)(2) = (-1)"HD (2). (103)

This can be seen for the case n = 1 by comparing equations 100 and 101 above.

We start with E,, and rewrite equation 97 as
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By pairing e’ with H") and e~ with H\"), we ensure that ¢ will be eliminated
when we substitute the expanded versions of the Hankel functions (equations
100 and 101):
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Similarly, we deal with F, by first rewriting equation 98:
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Substitution then gives
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This is the desired result: the Cartesian components of the electric field have
been expanded in terms of plane waves.

The same technique can be applied to the magnetic field, which for the solenoidal
source is

B = Ageih=ivt (—fiszS)(m) + imHél)(m)) . (108)

To obtain the Cartesian components, we need the expansion of the radial unit
vector:

I = (cos@)X + (sing)y. (109)

The Cartesian components of the magnetic field are therefore

By, = —ikAge™ = HY (kr)cos ¢ (110)
By, = —ik,Age™* 'HM (kr)sin ¢ (111)
B, = ﬁAoeikZ'z*i‘”tHél)(nr). (112)

We can save time by comparing these expressions with £, and E,:
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TR ky
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k.
B, = ZE,

w
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There is no ¢-dependence to worry about in B,, or in the expansion of H(()l);
we therefore substitute this expansion directly into equation 112 to give

A ) ) oo ikgxtikyy
B, ="20 Oelkzz—wt/ k.. (115)
T ky
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The waves emitted by the axial current source may be expanded in exactly the
same way. However, time can again be saved by noting that the solenoidal and
axial fields are related by the transformation indicated in equation 68.

5 Waves impinging on a slab

When dealing with layered systems, it is conventional to take the z-axis as
being perpendicular to the layers. In these notes, the z-axis is taken to be along
the axis of our cylindrical source. If we are interested in the transmission of
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Figure 4: Combining coordinate systems. The coordinates in which the emitted
waves were calculated are shown in red; the new coordinates, corresponding to
the layered system, are shown in blue. In this case, the current source is aligned
with the y-axis in the new coordinates, as indicated by the black cylinder. The
region of interest is in the direction of positive z in these coordinates; this means
that the old y-axis must coincide with the new z-axis, because the plane-wave
expansions are valid only for y > 0 (in the old coordinates).

waves from a cylindrical source through a layered system, we must be careful
to combine the two coordinate systems correctly.

One combination is illustrated in figure 4; this corresponds to the case when
the axis of the cylinder is aligned with the y-axis of the layered system. The
diagram illustrates that the transformation

r <«— —I

y o 2 (116)

should be applied here.
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